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MEI Structured Mathematics

Mathematics is not only a beautiful and exciting subject in its own right but also
one that underpins many other branches of learning. It is consequently
fundamental to the success of a modern economy.

MEI Structured Mathematics is designed to increase substantially the number of
people taking the subject post-GCSE, by making it accessible, interesting and
relevant to a wide range of students.

It is a credit accumulation scheme based on 45 hour units which may be taken
individually or aggregated to give Advanced Subsidiary (AS) and Advanced GCE
(A Level) qualifications in Mathematics and Further Mathematics. The units
may also be used to obtain credit towards other types of qualification.

The course is examined by OCR (previously the Oxford and Cambridge Schools
Examination Board) with examinations held in January and June each year.
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This is one of the series of books written to support the course. Its position
within the whole scheme can be seen in the diagram above.



Mathematics in Education and Industry (MEI) is an independent curriculum
development body which aims to promote links between education and industry in
mathematics. MEI produce relevant examination specifications at GCSE, AS and A
Level (including Further Mathematics) and for Free Standing Mathematics
Qualifications (FSMQs); these are examined by OCR.

In partnership with Hodder Murray, MEI are responsible for three major series of
textbooks: Formula One Maths for Key Stage 3, Hodder Mathematics for GCSE
and the MEI Structured Mathematics series, including this book, for AS and A
Level.

As well as textbooks, MEI take a leading role in the development of on-line
resources to support mathematics. The books in this series are complemented by a
major MEI website providing full solutions to the exercises, extra questions
including on-line multiple choice tests, interactive demonstrations of the
mathematics, schemes of work, and much more.

In recent years MEI have worked hard to promote Further Mathematics and, in
conjunction with the DfES, they are now establishing the national network of
Further Mathematics Centres.

MEI are committed to supporting the professional development of teachers. In
addition to a programme of Continual Professional Development, MEI, in
partnership with several universities, co-ordinate the Teaching Advanced
Mathematics programme, a course designed to give teachers the skills and
confidence to teach A Level mathematics successfully.

Much of the work of MEI is supported by the Gatsby Charitable Foundation.
MEI is a registered charity and a charitable company.

MET’s website and email addresses are www.mei.org.uk and office@mei.org.uk.


www.mei.org.uk

Introduction

This book covers the MEI Structured Mathematics A2 unit (or module) FP2,
Further Methods for Advanced Mathematics. This unit is a requirement for an A
level in Further Mathematics in this specification. The material in this book is
also relevant to other Further Mathematics specifications and so it will be found
useful by all students at this level.

Throughout the series the emphasis is on understanding rather than mere
routine calculations, but the various exercises do nonetheless provide plenty of
scope for practising basic techniques. Extensive on-line support is available via
the MEI website, www.mei.org.uk.

This is the third edition of this series. Much of the content of this book was
previously covered in Pure Mathematics 5 but it has now been reorganised to

meet the requirements of the new specification being first examined in January
2006.

The final chapter, Investigation of curves, is, however, completely new. This
exciting topic replaces the previous syllabus item of conics; it is based on the
assumption that the reader has a graphic calculator, and looks at the properties
of curves in a much more general way. Because of the many diagrams this
chapter looks rather long, but the actual work involved is comparable with that
in the other chapters.

I would like to thank all those who have worked on this book, particularly David
Martin for preparing this new edition and Bernard Murphy for his creativity in
writing the final chapter.

Readers who are interested in a possible career in mathematics may wish to visit
the website www.mathscareers.org.uk for more information.

Roger Porkess
Series Editor
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Key to symbols in this book

9 This symbol means that you may want to discuss a point with your
teacher. If you are working on your own there are answers in the back of
the book. It is important, however, that you have a go at answering the
questions before looking up the answers if you are to understand the
mathematics fully.

This is a warning sign. It is used where a common mistake,
misunderstanding or tricky point is being described.

This is the ICT icon. It indicates where you should use a graphic

calculator or a computer.

This symbol and a dotted line down the right-hand side of the page
indicates material which is beyond the criteria for the unit but which is
included for completeness.

Harder questions are indicated with stars. Many of these go beyond the

3%

usual examination standard.
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Calculus

The moving power of mathematical invention is not reasoning but

snnoje)

imagination.
Augustus De Morgan, 1806-1871

What is the mean voltage?

In this chapter you will build on the following techniques that you learnt previously.

Differentiation

d
Th duct rule: — =y— —
e The product rule dx(uv) vdx—l—udx

d (u Var Y
e The quotient rule; — (—) —_dx dx

e The chain rule: ﬂ = ﬂ X du

dx  du  dx
Integration
e By substitution, as in
[Bx—2dx= [1v du

— 11,6
=3 XgU +c

6
=L0Bx-2°+c

In a simple example like this you may well be able to go straight to the result,
mentally checking that differentiating % Bx—2)Y°+¢ gives (3x — 2)°,
without having to make a substitution. This is described as ‘by inspection’.
One important example of this is when integrating a fraction in which the
!
numerator is the derivative of the denominator: J%dx = In|f(x)| + c.
x

e By parts, using the formula Ju% dx = uv — J% v dx.

R -



Calculus

EXAMPLE 1.1

EXAMPLE 1.2

Differentiation and integration of trigonometric functions

° 4 (sinx) = cosx d {cosx) = —sinx 4 (tan x) = sec’ x.
dx dx dx

. Jsinxdxz—cosx+c Jcosxdxzsinx—l—c.

For example
Jsin5xdx = [1sinudu

=—fcosu+tc

= —$cos5x+c.

Again you may well be able to do this integration by inspection, or by quoting

the general result,

[sinkxdx = —%coskx—i— c.

Similarly, [ coskxdx = %sin kx + c.

Find [2xcos (x* + 1) dx.

SOLUTION

[2xcos(x* +1)dx = [cosudu
=sinu—+c¢

=sin(x*+ 1) +¢

Notice that Example 1.1 involved integrating the product of the function, 2x, and
the ‘function of a function’, cos (x* 4 1). It is because 2x is the derivative of
(x* 4 1) that the substitution u = x* 4 1 is useful. Example 1.2 is of a similar type.

Find [ cosx sin? x dx.

SOLUTION

This integral is the product of the function, cos x, and the ‘function of a
function’, sin? x = (sin x)*. Here cos x is the derivative of sin x, so the
substitution # = sin x should be helpful.

. .. du
Differentiating, d_ = cosx = du = cos xdx.
x

With practice you will
learn how to work out this kind
of integral by inspection.
But if in doubt it is best to
write down the whole
substitution process.

Therefore

fcosxsinzxdx = fuz du

=l +c

= %sin3x+ c.



EXAMPLE 1.3

EXAMPLE 1.4

Using trigonometric identities in integration

Sometimes trigonometric identities can help when you are integrating a
trigonometric function. The next example uses the identity sin® x 4 cos® x = 1.
The method is typical when you have an odd power of sin x or cos x.

snnoje)

Find fcos3 xdx.

SOLUTION

Notice that

COS3 X = COS X COS2 X

Integrating cos x is easy.

You integrated cosx sin’x
in Example 1.2. Use either
substitution or inspection.

= cos x(1 — sin® x)

= cos x — cos x sin” x.

Therefore
[cos’ xdx = [(cosx — cos xsin’ x) dx

= sinx—%sin3x—|—c.

When you have an even power of sin x or cos x, use one of the identities
associated with cos 2x, as in the next example.

Find | sin® x dx.

SOLUTION

The identity cos 2x = 1 — 2sin” x = 2sin” x = 1 — cos 2x.
Then
[sin® xdx = 1 (1 —cos2x)dx

=1(x—21sin2x) +¢

_1 L
=3X—sin2x+c.

The same method can be used to integrate cos” x, using cos® x = 1 (cos2x + 1).
Higher even powers of sin x and cos x can be integrated in a similar way, but

you have to use the identity more than once.

By expressing cos x as (cos® x)* and cos” x as % (cos2x + 1) show that

1

+C0s4x + 108 2x + 5

COS4 X =

and hence find fcos4 xdx.



Calculus

The mean value of the function f(x) over the interval a < x < b is defined as

1
r— L f(x) dx.

Over the same interval the root mean square value of f(x) is defined as

b
\/ 7 1 J (f(x))*dx. When the function is periodic, the interval chosen is
usually a whole number of periods. These processes are useful in both physics

and statistics.

(i) Find the root mean square value of asin ¢ over a single period.

(i) In the UK, mains electricity is usually supplied as alternating current at a
nominal 240 volts. This is the root mean square of the supply voltage, asin t.
Show that the supply peaks at about 339 V.

Starting from the compound angle formulae sin (6 & ¢) = sin 6 cos ¢ £ cos 0 sin ¢
you can readily show that sin 6 cos ¢ = 1 (sin (6 + ¢) + sin (6 — ¢)). This enables
you to express the integral of the product of a sine and a cosine as the integral of the
sum of two sines. For example

Jsin3xcos2xdx =1 [ (sin 5x + sin x) dx

= —cos5x —cosx + c.

{i) Starting from cos (6 = ¢) = cos @ cos ¢ F sin 0 sin ¢ show that
cos flcos ¢ = 1 (cos (0 + ¢) + cos (0 — ¢))

and state and prove a similar result for sin 8 sin ¢.

{ii) Hence find
(@) [ cos3xcosxdx
(b) [ sin 5x sin 2x dx.

. . o sinx .. .
Another trigonometric identity is tan x = . This allows you to find the
cos x
. . d . —sin x
integral of tan x. Since — (cos x) = —sinx, dx =In(cosx) +c.
dx cos x
sin x
So J dx=Jtanxdx=—ln|cosx|+c.
cos x
=In +c
cosx

=In|secx| +c.



EXAMPLE 1.5

Find [ tan kx dx.

SOLUTION
. m
Notice that tan kx = sin kx and i (cos kx) = —ksin kx. E
cos kx dx 2
[, ]
So Jtankxdxz—lJ—kSIHkxdx »
k cos kx

—lln|coskx| +c
k

—lln|secx| +c
. :

1 Integrate these functions with respect to x.

i cos’x (i) sin’3x (i) sec’ x
(iv) sin’x () sin'x (vi) cos’ x
{vii) tan2x {viii) cotx {ix) cotx+tanx

2 Find the following indefinite integrals.
(i) [sinxcos’xdx Gii) [cos’3xdx i) | sin5xcos2xdx
(iv) [ (1 +sin x)? dx v) [(sinx+ cos x)2dx (i) fsec2 xtanxdx

3 Evaluate these definite integrals, using substitution where necessary.

I I 2 VT
(i) fcosxsins xdx (i) fﬂ dx (iif) J xsin (x*) dx
0 o 1+tanx 0

5 5 5
{iv) f tan® x dx (v) J\ sin6xcosdxdx  (vi) f sin 3x sin 4x dx
0 0 0

4 (i) Use a graphic calculator or a computer to sketch the graph of
y = sin x(cos x — 1)? for 0 < x < 4.

{ii) Find the area enclosed between the x axis and the positive part of one
cycle of the curve.
1

5 By expressing cos x in terms of cos= find J— dx.
2 1+ cosx

6 (i) Find di (cos 2x) and hence show that fsin 2xdx = — %cos 2x + A.
x

(i) Use the identity sin 2x = 2 sin x cos x and the fact that

di (sin x) = cos x to show that fsin 2xdx = sin® x + B.
x

{iii) Use the identity sin 2x = 2 sin x cos x and the fact that

di {cos x) = —sin x to show that fsin 2xdx = —cos* x + C.
x

{iv) Explain how these three different looking answers can all be correct!

I



Calculus

7 Find the mistake in the following argument.

I = [tanxdx = [ sinxsecxdx

= —COSXSECX+fCOSXSCCXtal’leX

=—1+ [tanxdx

=—-1+1
Therefore 0 = —1.

The inverse trigonometric functions

The arcsine function

/-\ 14 y = sinx

-

/2:1 - 0 Un
_1_

Figure 1.1

Figure 1.1 shows the graph of y = sin x. The sine function
is a many-to-one function: many values of x (for
example: —2n, —7, 0, 7, 27, etc.) give the same value of y.

You can find the inverse of any function by interchanging
x and y in the defining equation; this is equivalent to
reflecting the graph in the line y = x.

In the case of y = sinx you obtain the graph shown in
figure 1.2; its equation is x = sin y. For any value of x
(between —1 and 1) there are infinitely many values of y,
so figure 1.2 is not the graph of a function. However, by
restricting the range of y you can define a function, so
that each value of x (between —1 and 1) is associated
with a unique value of y. There are infinitely many ways
of doing this, but it is conventional (and sensible) to

include 0 < y < g (i.e. angles in the first quadrant)
as part of the required range, corresponding to 0 < x < L.

To keep the function continuous (and to have as large a

domain as possible) you include —g <y <0, fourth

quadrant angles, corresponding to —1 < x < 0. Figure 1.3
shows the complete graph of this function. Its equation is
y = arcsin x. (Older textbooks and many modern
calculators use the notation sin™! x.) You will notice that
the gradient of y = arcsin x is always positive, and that
the gradient tends to infinity as |x| tends to 1.

=Y

YA

x=siny

Figure 1.2

=Y



Now YA
7T
y = arcsin x 27
= siny =x =
d [
= —ycosy =1 2
dx 8
N dy 1 8
-7 = 3
> 3,
dx  cosy AP 0 T g
L 8
+4/1— Sinz)/ y = arcsinx 3
1 5
_— -
V1 — x? £
T T g
Buty:arcsinx:—z <y< 5:cosy>0, _%_ s
(]

Domain: —1 s x =1

so that cos y = +v/1 — x%. The conclusion is

Range: —%$y$%

that di (arcsinx) = ; Figure 1.3

x 1—x2

Notice that the expression —
—x

® is positive and only defined for —1 < x < 1
e has a minimum at x =0
e tends to 0o as x tends to £1

all of which is consistent with the graph in figure 1.3.

The arccosine function

YA

T T
—2n - 0 T 27

=

Figure 1.4

The inverse of the cosine function is dealt with in much the same way.

Figure 1.4 shows the graph of y = cos x. Reflecting the graph of figure 1.4 in the
line y = x produces the graph with equation x = cos ¥, shown in figure 1.5. This
is not the graph of a function. However, a function can be defined by restricting
the range of y so that each value of x (between —1 and 1) is associated with a



Calculus

unique value of y. Again the values 0 < y < g are included (first quadrant
angles), corresponding to 0 < x < 1. To maximise the domain and preserve

o . n .
continuity, the range includes 5 < y € 7, second quadrant angles. Figure 1.6

shows the complete graph of this function. Its equation is y = arccos x.

Y

X =cosy

=Y

y = arccos x

(ST

-1 0 1

=Y

7

Domain: —1 s x =1
Range: 0 <y=<unm

Figure 1.5 Figure 1.6

(i) From the various graphs (without using calculus) what can you say about
the gradient of y = arccos x?

d 1
{ii) Use calculus to show that — (arccos x) = — ——.
dx ( ) V1—x?
The arctangent function

YA

y=tanx

=Y

—27

Figure 1.7



=Y

=Y

2
/ Domain: all real numbers

---------------------------- Range: —%<y<’7—2I

Figure 1.8 Figure 1.9

Describe the relationship of the various graphs shown in figures 1.7, 1.8 and 1.9.

Notice that the graph of y = arctan x has horizontal asymptotes. Describe
qualitatively how its gradient varies and then use calculus methods to show that

d 1
— (arctanx) = :
dx 1+ x?

d 1 d 1
Th lts — i = and — t —
e results = (arcsin x) Nipa an ™ (arctan x) e

important, allowing you to integrate additional functions, as is shown in the

are particularly

next section.

Show that )
{i) arcsec x = arccos <—>
x

. (1
{(ii) arccosec x = arcsin <—
X

_ 1 . s
{iii) arccot x = arctan{ — | with arccot 0 = E
X

suonouny 91138 WoUcHLI) 9S19AUI BY L



Calculus

These formulae are useful as calculators, spreadsheets and other mathematical
software frequently include only the three elementary trigonometric functions
and their inverses.

General solutions

If you are looking for the general solution of an equation, you want a rule or
formula which will give you all the solutions, but no other values.

. . 1. .1 =z

For example: one root of the equation sin x = 5 is x = arcsmE = E; another

. T _5m .
rootisx =mn — E = ?; all roots are in the first or second quadrants as
sin x is positive. Every solution may be regarded as a number of complete

. T 5.
rotations plus — or —.

6 6
These two forms may be written as
n n . .
x=2mn+ . or 2m+ 1)m — o where m is any integer.

Alternatively you may combine these two expressions and write the general

solution of sin x = % as x = nn + (—1)" %, where 7 is any integer.

The table shows the other important forms.

Equation Form of the general solution (# is any integer)
sinx =y x = nn+ (—1)"arcsiny

cosx =y x = 2nm %+ arccos y

tanx =y x = nm + arctan y

1 State the domain and range of the inverse sine, cosine and tangent

functions.
. 7
2 Show that arcsin x + arccos x = EX
3 Show that arcsin(—x) = —arcsin x, and that arctan(—x) = —arctan x. State

and prove a formula connecting arccos(—x) and arccos x.
4 Show that arcsin(sin ) # 7. Under what circumstances is arcsin (sin x) = x?
5 Show that arccosy/1 — x = arcsiny/x.

6 Differentiate the following with respect to x.
(i) arcsinx {ii) arcsin5x

(i) arctan 3% {iv) arctan (2 — 3x)



7 Differentiate the following with respect to x.

i) arcsin2x (ii) arctan5x
{iii) arcsin 3x* {iv) arccos2x
{v) arctan(e") {vi) arctan (1 — x?)
{vii) arccos (5x% — 2) {viii) arcsin \/x

8 Iff(x) = sinx + cos x, —% <x< % find f~'(x).

9 Write down the derivatives of arcsin x and arccos x. Hence show that

1 .
Jﬁdx may be expressed as arcsinx + ¢ and as —arccos x + ¢,, where
1—x
¢, and ¢, are arbitrary constants. Explain how the two results are compatible,
and express ¢, in terms of ¢;.

10 In each of the following, find the general solution of the equation. Where
possible give your answer as a rational multiple of 7; otherwise leave your
answer in a form involving an inverse trigonometric function.

(i) sin2x =sinx (i) cosx —sinx =+/2
(iii) 3cosx +4sinx =2.5 (iv) tan2x = 4tanx
(v} cosx=cos%x (vi) 2sinx = cosx + 1

11 State the domain and range of
(i) y = arcsecx (ii} y = arccosecx
{iii} y = arccotx.

12 (i) (a} By sketching the graph of y = arcsec x show that di (arcsecx) > 0.
x

d 1
{b) Show that — (arcsec x) = ———.
dx |x|Vx? — 1
(ii} Find d
{a} — (arccosec x) {b) — (arccot x).
dx dx

13 (i) Evaluate arcsec x + arccosec x.
(ii) Evaluate arctan x + arccot x.

Integration using inverse trigonometric functions

The inverse sine and tangent functions are particularly useful in integration.

Integration using the arcsine function

Since 4 (arcsin x) = L you know that J;dx = arcsin x + c.

dx Vv1—x? V1 —x?
1

You will see the similarity between J = dx and J%dx and you

vV9 —x V1—x

may well (correctly) guess that J dx takes a similar form, but you will

1
V9 — x?

gL os1919x3
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EXAMPLE 1.6

perhaps be unsure what effect the number 9 has on the expression. Try treating

9 as a factor:

1 1
dex—Jde
(1-5)
9
T
x2 that 3 du = dx.
3 1_<_>
3
1

x 3du

5=

1 . .
Jidu =arcsinu + c = arcsmf +c.
1— 2 3

1 . ..
You can now construct the formula for Jizdx, where a is a positive
constant. a—Xx
As x = 3u was a useful substitution when the denominator was v9 — x2, it

makes sense to use the substitution x = au so that dx = adu:

J;dx S X adu
Va2 —x? )V — (au)?
-1 x adu
av'l —u?
1 . .X
= | ———=du =arcsinu+ ¢ = arcsin—=+ c.
1— 2 a
Find @) J L _dx b J L i«
1 y— n ————
16 — x2 V16 — 3x2

SOLUTION

. X
dx = arcsmz +c.

1
(i) —_—
J V16 — x2

(i) J;dx = —J;dx =—
V16 — 3x2 3 16 _ x2

Take out the factor \/5, then as in (i} with a = %




EXAMPLE 1.7

Integration using the arctangent function

In the same way knowing that 4 (arctan x) = e so that
x
J ! dx = arctan x + ¢ may well lead you to guess that J#dx takes a
1+ x2 @ + x2

similar form. But

;dxz ;xadu
02+x2 a2+a2u2

1
e
a(l + u?) Notice the factor %.

1 X
= —arctan ¥ 4+ ¢ = —arctan— + c.
a a a

putting au = x so
that a du = dx

Find (i) J 1 dx (i) J#dx
5+ x? 5+ 4x2

SOLUTION

(i) J 1 dxziarctani—f— c.

5+ x2 V5 V5

.. 1 . _
This is of the formJ‘—a2 e dx witha = 5.

(ii) J;dx:IJ 1 dx:lxLarctani—l-c:Larctanz—x—l-c.

5 4 4x2 4

24 x2 4 \/% \/% 2v/5 V5

Take out the factor 4, then as in (i} with a = /%.

Note

Dimensions will help you understand (and remember) why the factor 1 is needed in
a

1 1 X
———dx=—arctan=+¢
J a2 + x? a a @
but notin
1 .X
————dx =arcsin=+c.
J\/a2 — x2 a @
Integration is a form of summation. In both integrals dx is a length. In () the
. 1 . .
expression ———is a number divided by the square root of an area;
VaZ — x2

multiplying by dx gives a dimensionless number; the sum of a series of numbers
is dimensionless; arcsin — is an angle, also dimensionless — ré is well known as
a

an expression for the length of an arc of a circle, where r is the radius (a length)
and 0 the angle of the arc, in radians. So Q) is dimensionally correct. In (D the

expression % is a number divided by an area; multiplying by dx gives the
az+x

suonouny sL3sWouohL) asiaaul Buisn uonesbanul

.



Calculus

EXAMPLE 1.8

dimension L' (i.e. the reciprocal of a length); summing these does not change
the dimension; arctan X is dimensionless and multiplying it by something like 1
a a

{with the dimension L™") makes the two sides of () agree dimensionally. (In (1)
the constant ¢ has the dimension L™"; in (3 the constant ¢ is dimensionless.)

The next example involves definite integration.

2

Evaluate J dx
04+ x?
SOLUTION

2

2
1 1 1
J dx = {— arctan ﬁ] = —(arctan 1 — arctan0) = iy

04+ x2 2 2], 2 8

ALTERNATIVE APPROACH

Alternatively you may make the substitution x = 2 tan u, remembering to
change the limits of integration at the same time. But the equation x = 2 tan u
does not define u uniquely: given x = 0, for example, # may be 0, or 7, or any
multiple of n. However, though it looks more cumbersome, the equation

u= arctan% does define u uniquely, and is the preferred way of stating the

substitution. Then

2 z 2
1 T 2sec’ u X
J dx = J du  where u = arctanz = x=2tanu
= dx = 2sec’ udu;

=J%du whenx=2,u:%;whenx=0,u:O.

1 Find the following indefinite integrals.
1 1

i) |——dx (i) | ——dx
J 254 x2 J V36 — x2

(iii) ;dx {iv) ;dx
xr+ 36 25 + 4x?

{v) ;dx {vi) ;dx
J V9 —4x? J V5 — 3x2



EXAMPLE 1.9

2 Evaluate the following definite integrals, leaving your answers in terms of 7.
3 V2
(i) ! dx i) L
] 1]
09+ x V4 — x2 m
x
1 ®
3 1 1 a
(i) dx (iv) F &
Jo 1492 Jo \/1—4x2 8
A T ©
{v) ——dx {vi) dx
J-1 V3 —6x? J a7 5+ 2x*
. 1
3 (i) Find J—dx
9+ 16x?

{ii) Using the substitution x = 2sin 6, or otherwise, show that

sz4—x2dx:2—n—£.
3
1

2
[MEI, part]
Harder integrations
1 1

You have been integrating functions of the form: and .

sratne @+ x? Va2 —x?
The example below shows how the formula J dx = larctanﬁ + ¢ helps

a> + x? a a

you integrate rational functions with constant numerator, and a denominator
which is quadratic with no real roots.

Find 4[# X
X2 —2x+3

Taking out the factor
4, and ‘completing

the square’ in the

denominator.

SOLUTION

J;dx=4j+dx
x?—2x+3 (x—1)+2

=4J 1 du where u = x— 1 and du = dx
w2+ 2

1 u
=4 X —arctan——+ ¢

V2 V2

x —
= 2\/5 arctan
V2

You may well be able to
omit these two lines.

l—l-c.

9 When trying to integrate

7 r Be s how canyou tell if A" + Be+ C has
x X

no real roots? And what should you do if A is negative?




Calculus

EXAMPLE 1.10

® when using the formula 4[72

EXAMPLE 1.11

1 .oX
The next example shows how the formula Jﬁdx = arcsin—+ ¢
at —x a
helps you integrate functions that can be arranged as a fraction, with constant
numerator, and a denominator which is the square root of a quadratic; this

quadratic must have distinct real roots and the coefficient of x* must be negative.

Find J; dx Taking out the factor S from
V2 +4x — 4x? the numerator, and the factor 4
from ‘inside’ the square root in
SOLUTION the denominator.
J; de=2|— 1 4
V2 +4x — 4x* 2/ % —(x? — x) Completing the square first and

adjusting the constant to get e

SN S S
2 2
Vi G-b
5 1 .
=~ | ——=——==du where u = x — 5 and du = dx
2 3_ 2

Again you may well
be able to omit these
two lines.

1 . X .
dx = arcsin— + ¢ to integrate
a

at — x
1

VAx* +Bx+ C

why is it necessary to have A negative and B* > 4AC?

The final example illustrates other ways these techniques may be used.

. +5 x 9x—8
Find () J a dx i) J—— dx (iii) J—dx-
] xz + 4 1] T x2 m (xz + 9)(x + 2)

SOLUTION
(i) J x+5 dx = J( x + > )dx The fraction being integrated is
x2 44 x24+4 x244 split into two parts: one
numerator = constant X derivative
1 2x 1 of denominator; the other
= EJ 2 ra dx+5 J o ra dx numerator is constant.

= lln(x2 +4)4+5x larctanf—l- c
2 2 2

= lln(x2 +4) —I—Earctanf—l- c.
2 2 2



(i) dx is best found by inspection:

X
J V1—x? ’ Alternatively use any

d . 1 . of the substitutions
— (1= ==(1—-x)"7Tx(=2x) = ———— u = arcsin x; m
dx 2 1 u=1-xu*=1-x% X
x — 1 _ 2 &
sothatJ —l—xzdx_ 1—-x*+c %
9x — 8 2x+4+5
(i) T o o dx = 5 - The rational function being
(x* + 9)(x +2) J\x*+9 integrated is expressed in
[2x+ 5 J partial fractions.
J x? —|— 9 X —|— 2
= J J dx
x2 + 9 x? + 9 x+2

=In(x*+9)+5 xgarctan§—21n|x+2|+c

xi—i_g—l—garctanf—f— . Asx? + 9and (x + 2)2
(x+ 2)2 are clearly positive you

do not need to use
modulus signs here.

1 Find the following integrals.

1
———dx
4+ (x+2)
7 4
V5 +4x — x2

3
J 3+ 2x2
_ 3 a4
9x? +6x+5
1 4
J V3 +2x — &2
7

i) | ——=dx
V3 —4x — 4x2

2 (i) By writing arcsin x as 1 X arcsin x use integration by parts to find
J arcsin x dx.

(i)

(i)

(iii)

{iv)

(v)

{ii) Use a similar method to find the following integrals.
Jarccos xdx
Jarctan xdx
Jarccot xdx



Calculus

3 (i) Use the substitution x = asin « to find

b
J v/ (a? — x%) dx, where a > b > 0.
0

(i) Draw a sketch to show the significance of the area you calculated in part
{i), and explain both terms of your answer to part (i) geometrically.

4 Find the following integrals.

1
i) | ———dx
Jx2—6x+13
1
(ii) | ——dx
J V7 —12x — 4x2
{iii) ;dx
4x2 4+ 20x + 29
1
(iv) | ————dx
x2—6x+9
(v) ;dx
V5 —12x — 9x2

5 Find the following integrals.

x+1 dx

(i
Jx2+1

4

_—dx
(x24+D(1+x)
1—x
) o

x+3
_—dx
(x+ (x> +1)

(i)

(iv)

6 Evaluate the following.
P
i) | ———=dx
Jl Vix — x?
. Js 2x" 43
(ii) —dx
2 (k= 1)(x* +4)

dx
xVxr— a2

7 Find i (arcsec x) and J
dx



1 When integrating sin” x or cos” x use the identities

2 2

sin”x = 1 (1 — cos 2x), cos” x = 1 (1 4 cos 2x).

2 Jtankxdx:%lnlseckﬂ s

3 Inverse trigonometric functions

Function Domain Range Derivative
. T s 1
= arcsin x —-l1<x<1 = =S - ——
£ 2 i 2 V1—x?
1
y = arccos x -1sx<1 0<y<nm —ﬁ
s b1 1
y = arctan x all x ——<y<—
2 2 e

1 I 5
4 Jidx = —arctan—+ ¢
@ + x? a a
Use when integrating rational functions with constant numerator, and a
quadratic denominator with no real roots.

5 J;dx = arcsin> + ¢
va: — x? a
Use when integrating functions that can be arranged as a fraction, with
constant numerator, and a denominator which is the square root of a
quadratic; this quadratic must have distinct real roots, and the coefficient
of x* must be negative.

dl os1dsexg



Polar co-ordinates

Polar co-ordinates

Mnbeis ayemuétpnros eloitm wov TNy 6Téyny
[Let no one ignorant of geometry enter my door].
Inscription over the entrance to the Academy of Plato, ¢.430-349 BC

This Nautilus shell forms an equiangular spiral. How could you describe this
mathematically?

You will be very familiar with using cartesian co-ordinates (x, y) to specify the
position of a point P in a plane. A second system of co-ordinates uses the idea of
describing the position of point P by giving its distance r from a fixed point O
and the angle 6 between OP and a fixed direction. In this system, first used by
Newton in 1671, O is called the pole and the angle 6 is measured from the initial
line, which is usually drawn to the right across the page, like the positive x axis;
the numbers (r, 0) are called the polar co-ordinates of P; see figure 2.1.

P

2 :

initial line

Figure 2.1



The angle 8 is positive in the anticlockwise sense from the initial line; at the pole
itself r = 0 and 6 is undefined. Each pair of numbers (r, 8) gives a unique point,
but the converse is not true, for two reasons. Firstly, a point is not changed if
you add any integer multiple of 27 to the angle 6. Secondly, it is sometimes
convenient to let r take negative values, with the natural interpretation that the
point (—r, 0) is the same as (r, 8 + 7).

Check by drawing a diagram that the polar co-ordinates

<5, g), <5, 7%), <5, —HTR> and <—5, _2?n> all describe the same point.

Give three other pairs of polar co-ordinates for the point <—6, %)

If it is necessary to specify the polar co-ordinates of a point uniquely then you
use those for which r > 0 and —n < 0 < 7; these are called the principal polar
co-ordinates.

YA

=Y

Figure 2.2

It is easy to change between polar co-ordinates (r, ) and cartesian co-ordinates
(x, y) since, from figure 2.2,

x=rcosl y=rsind r=/x*+y? tan = 2

X

You need to be careful to choose the right quadrant when finding 6, since the
equation tan 6 = b4 always gives two values of 0, differing by 7. Always draw a

sketch to check which one of these is correct.

sojEUIPI0-09 Jejod
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Polar co-ordinates

_—

1 DPlot the points A, B, C, D with polar co-ordinates <3, g) R <2, 7—“) ,

10

<3, — 4?“) s <—4, Z—g) respectively. What shape is ABCD?

2 One vertex of an equilateral triangle has polar co-ordinates | 4, %) Find

the polar co-ordinates of all the possible other vertices
(il when the origin O is the centre of the triangle

(i) when O is another vertex of the triangle

{iii) when O is the mid-point of one side of the triangle.

The diagram shows a regular pentagon YA

OABCD, in which A has cartesian ¢

co-ordinates (5, 2). B

(i) Show that OB = 8.71 (correct to
2 decimal places). 5

(i) Find the polar co-ordinates of D
A, B,C,D.

(iii) Hence find the cartesian
co-ordinates of B, C, D.

=Y

0 5
[In parts (ii) and (iii) give your answers correct to 2 decimal places.]

In this question r is in millimetres and @ is in degrees. The scoring region of
a dartboard is marked by six concentric circles, called inner bull, outer bull,
inner treble, outer treble, inner double, outer double, with radii 6, 16, 99,
107, 162, 170 mm respectively (to the nearest mm, ignoring the thickness of
the dividing wire). The part between the outer bull and outer double circles
is divided into twenty equal ‘sectors’, numbered as shown below, and the
board is hung with the 20 sector vertically above the centre so that the initial
line bisects the 6 sector. A dart scores 50 in the inner bull and 25 in the
outer bull, where 6 < r < 16. A dart in a sector scores the sector number,
except that within the doubles ring (162 < r < 170) or trebles ring

(99 < r < 107) it scores double or treble the sector number respectively.

(i} Find the score in the region
for which 16 < r < 99 and
27 < 0 < 45.

(i) Give conditions on r and 6
which define the boundary
between sectors 10 and 15.

{iii) Give conditions on r and 6
for the regions in which the
score is
{a) treble 14
(b) 17
(¢) 18.




The polar equation of a curve

EXAMPLE 2.1

The points (r, ) for which the values of r and 8 are linked by a function f form
a curve whose polar equation is r = f(0). The polar equation of a curve may be
simpler than its cartesian equation, especially if the curve has rotational

symmetry. Polar equations have many important applications, for example in
the study of orbits.

Investigate the curve with polar equation = 10 cos 6.

SOLUTION
This can be tackled in three ways.
(it By plotting. Make a table of values. This one has 6 increasing by %

(i.e. 15°), which gives a convenient number of points.

L A o
12| 6 | 4 12
r [ 10]97(87 715026

7n [ 21 | 3n | 5¢ | lin
12 3 4 6 12
—26|—-50|—-7.1|-87|-97|—-10

0|0

n
- n
3

o (N ]a

Values of 6 from 0 to —=n (or from = to 27) give the same points again: for

11n

example, § = — I = r = 9.7, which is the same point as (—9.7, —).
12 12

Plotting these points gives the curve shown in figure 2.3. It looks like a circle
— the other methods will prove that it is a circle.

Figure 2.3

YZ os1a40xg
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Polar co-ordinates

(i)

Giii)

By converting to cartesian form.

If r 5 0 then

r=10cosf
= * = 107 cos 0
& x* —l—y2 = 10x.

If r = 0 then x = y = 0, which also satisfies x* + y* = 10x.
Therefore the cartesian equation is
4y =10x e (x—5)7 +y* =25,

which proves that the curve is the circle with radius 5 and centre (5, 0)

(in cartesian co-ordinates).

By geometrical reasoning. Knowing the answer makes it even simpler!
Consider the circle with radius 5 and centre (5, 0), shown in figure 2.4. If P
is the point on this circle with polar co-ordinates (r, ) then OPA is a right
angle (the angle in a semi-circle) and so r = 10 cos 0 as required, and the
same applies to points on the lower semi-circle since the cosine function is

an even function.

nhy

Figure 2.4

Notes

1

2

Plotting and joining points as in part (i} above gives a good idea of the shape of
the curve, but the argument in parts (ii} or (iii} is needed before you can be sure
that this is truly a circle.

As the value of 6 increases from —= to = the point moves twice around the circle.



EXAMPLE 2.2

If you have access to a graphic calculator or a computer with suitable software,
find out how to draw a curve from its polar equation. Check that you can adjust
the scales so that in this case you get a circle, not just an ellipse.

Some graphic calculators will not draw the curve r = () directly, but instead
you can take ¢ as a parameter and draw the curve with parametric equations
x = 1(6) cos 8, y = {(0) sin 6. Explain why this works.

(it Describe the motion of a point along the curve r = 1 4 2 cos § as € increases
from 0 to 2x.

1
(i) Do the same for the curve r = ——.
1+2cos@
SOLUTION
(i} The curve is shown in figure 2.5.
Step 1
Step 2 - As 6 increases from 0 to i%
As @ increases to ‘-;I r r decreases from 3 to 1.
decreases to zero since
cos(z‘f)z ——é :
Step 3
The curve touches the line 8=
= -Z%T at the origin.
=0
ep {J— 2n
For @ between %7—5 and —4{5 ;
ris negative, with r = —1
atd = m.
g =
. g == .
Step 5 -2 Step 6
The curve touches the line rincreasesto l at@ = TT
6= 4{! at the origin. and thento 3 at 6 = 2.
Figure 2.5

This double loop is one of a family of curves called limagons (snail curves).

aAIn? e jo uonenba dejod ayy
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Polar co-ordinates

D

{ii) The value of r is now the reciprocal of the value found in {(i); the curve is

shown in figure 2.6.

This curve has two separate branches; it is an example of a hyperbola.

Step 2 Step 1
rincreases without limit As 6 increases from 0 to 2,
as @ approaches _Z%r ‘ rincreases from % to 1.
o Step 4
r= —1when @ = 7 and
r ——¢0 as 0 increases to 4}—17
#=0
=2
Step 3
For @ just greater than QTT
g = ris numerically large and
negative.
Step 5 Step 6
When @ is just greater than rdecreasesto 1 at@ = %g_r
%“E. ris large and positive. and then L atf = 2.
Figure 2.6
Note

The diagrams in the example above use the convention that the parts of the curve
for which r < 0 are shown by a broken line. In some applications it is physically
impossible for r to be negative, so it is sometimes worth distinguishing such

portions in this way.

In this exercise you should make full but critical use of a graphic calculator or

computer if these are available.
1 Make a table of values of 8 sin @ for 8 from 0 to = at intervals of l—nz( =159,

and say what happens when 7 < 6 < 2n. By plotting points draw the curve
r = 8sin 0. Prove that this curve is a circle, and give its cartesian equation.

2 Draw the graph of the spiral of Archimedes

r:ﬁfor—2n<9<2n.
v



3 A curve with polar equation r = ksin #nf), where k and » are positive and n is
an integer, is called a rhodonea (rose curve). Throughout this question take
k = 10.
(i) 'What shape is the curve when n = 12
(i) Draw the curve when n = 2.
{iii) Draw the curve when n = 3.
{iv) From these examples (and others if you wish) form a conjecture about

how the number of ‘petals” depends on .

4 A curve with polar equation r = a(1 + cos 0) is called a cardioid. Draw the
curve when a = 8, and account for its name.

5 Prove that r = asec 0 and r = b cosec 8, where a and b are non-zero constants,
are the polar equations of two straight lines. Find their cartesian equations.

6 The straight line ¢ passes through the point A with polar co-ordinates (p, o)
and is perpendicular to OA. Prove that the polar equation of £ is

rcos (0 —a) =p.

Use the expansion of cos ( — «) to find the cartesian equation of £.

7 Sketch on the same diagram the curves with polar equations r = 2acos 0,
2r(1 4+ cos ) = 3a and find the polar co-ordinates of their points of
intersection.

What is the polar equation of the common chord of the two curves?
[MEI]

The area of a sector

The region bounded by an arc UV of a curve and the two lines OU and OV is
called a sector. In order to find the area of the sector for which OU and OV are
the lines § = o and 6 = f and the curve is r = f(#) you first divide it into small
sectors such as OPQ, where P and Q have co-ordinates (r, ) and

(r + or, 0 4 90), as in figure 2.7.

Figure 2.7

gz os1919x3
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D

EXAMPLE 2.3

Let the areas of sectors OUP and OPQ be A and dA respectively. Then since the
area of sector OPQ lies between the area of the circular sectors OPP’ and OQQ’,

A
andso 1r’ < 5_9 <i(r+ dr)t.

dA
Now as 86 — 0, S0 — Ccll_g the rate of change of A with respect to 0.

dA
But 50 is trapped between r*, which is fixed, and Lir+ r)*, which tends to
A
17%, and so — must also tend to 1 r*. Therefore

da _
do

2
r.

o=

From this key result the area of the sector can be found by integration:

B
area OUV = J %rzdf).

o

The argument given above is based on figure 2.7 in which
i) 00 is positive {ii) r increases as 0 increases.
Consider how the argument must be adapted if

{a) 00 is negative
{b) r decreases as 0 increases
{c} both (a) and (b).

Note that the final result remains the same in all cases.

Find the area of the inner loop of the limagon r = 1 4 2 cos 6 drawn in figure 2.5.
SOLUTION

. . . 2n . 4w . .
The inner loop is formed as # varies from — to ?, SO its area is

4n/3 4n/3
J %(1+2c059)2d9=J %(1+4cos€+4c0529)d0
2n/3 2m/3
4r/3
S
2n/3 i3

= [3—0+25in9+%sin20]
2

o33

2

2n/3



Note

Even though r is negative for % <0< % the integrand %rz is always positive, so

there is no problem of ‘negative areas’ as there is with curves below the x axis in cartesian co-ordinates.

For the limagon r = 1+ 2 cos 6 find

(i)
(ii)

6

the total area contained by the outer loop
the area between the two loops.

Check that [ r*d0 gives the area of the circle r = 10 cos 8 correctly when
the integral is evaluated from — % to = or from 0 to 7. What happens when
the integration is from 0 to 2r?

Find the area bounded by the spiral r = 4 from 6 = 0 to 8 = 27 and the

e e 1 i3
initial line.

Find the areas of the two portions into which the line 6 = I divides the
upper half of the cardioid r = 8(1 + cos 6).

The diagram below shows the equiangular spiral r = ae*’, where a and k are
positive constants, and the lines # = 0 and 6 = % Prove that the areas of

the regions A, B, C, ... between these lines and successive whorls form a
geometric sequence, and find its common ratio.

\J

5
Il
[=)

Sketch Bernoulli’s lemniscate (ribbon bow) r* = a” cos 26, and find the area
of one of its loops.

A curve has polar equation r = a(1 — cos ), for 0 < 8 < 2n, where a is a
positive constant.
(i) Sketch the curve.
(i) Find the area of the region enclosed by the curve.
[MEL part]

92 9s1049x3
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Polar co-ordinates

)

10

11

12

The interior of the circle r = 3acos 0 is divided into two parts by the
cardioid r = a(1 + cos §). Find the area of the part whose boundary passes
through the origin.

[MEI]

A curve is defined by the parametric equations x = (), y = g(¢). By

differentiating the relation tan 6 = Y with respect to ¢ show that

X
do d dx
e A y—.
dt dt dt
As t increases from f; to t, the point on the curve moves from P, to P,, and
0 increases. Prove that the area of the sector OP,P, is

153
lJ <xﬂ — y%> de.
20y \ dt dt
The arc PQ is defined by x = ¢, y = ¢, 1 < t < 2. Use Question 8 to find
the area of the sector bounded by this arc, OP and OQ.

Sketch the astroid x = acos’t, y=a sin’t, and find the area it encloses.

Prove that the area enclosed by the curve
x=acost+ bsint, y = ccost+ dsint

is m|ad — be|.

(i} Sketch the curve with polar equation r = asin 360 for 0 < 6 < «, where
a is a positive constant. Use a continuous line for sections where r > 0,

and a broken line for sections where r < 0.
(i) Find the area enclosed by one loop of this curve.

The point P on the curve corresponds to § = % 7.

L

4

(iii) Mark the point P on your sketch, and give the co-ordinates of P in
polar and in cartesian form.

You are given that the cartesian equation of the curve is
Xt 2x2y2 + y4 = 3ax2y - ay3.
{iv} Differentiate this cartesian equation to obtain an equation involving
x, y and Q
dx

{v) Find the gradient of the curve at the point P.
[MEI]



13 A curve has polar equation r = 2v/cos 26, for —+7 < 0 <
(i) Sketch the curve.
(i) Find the area of the region enclosed by the curve.
(i) By first writing the polar equation of the curve as r* = 4(cos® 6 — sin” 6),
show that the cartesian equation of the curve is

1
477:.

Xt 2x2y2 + y4 — 4x" + 4y2 =0.

{iv) Differentiate this cartesian equation to obtain a relationship between

dy
x, y and I
. . dy
(v} IfP is a point on the curve where —— = 0, show that OP = /2, where
O is the origin. x
{vi} Find the polar co-ordinates of the two points on the curve where % =0.
[MEI]

k

The curve C has equation r = ———
1+ ecost

. By working through the following

investigate the shape of C.

(il Draw C for k = 4 and e taking the values(a}0 (b} 0.5 (e) 1 (d}2 (e) 5.
You may use a graphic calculator or graph-drawing software.

(i), What happens to C if the value of k is changed?
i) Describe Cfortate=0 (0 <e<1l (cle=1 (de>1.

1 The principal polar co-ordinates (r, 8) are those for which r > 0 and
—n<0<m.

2 x=rcosl,y=rsind, r=/x*+y%,0= arctanZ (£7 if necessary).
x

B
3 The area of a sector is J %rzdﬁ.

o

92 9s1049x3
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Complex numbers

5

Complex numbers

The shortest path between two truths in the real domain passes through
the complex domain.
Jacques Hadamard, 1865-1963

‘ "'._

Graphical representation of fluid-flow around a pipe

Complex numbers may appear to be a mere mathematical curiosity but this is
far from the truth. They have many applications in the real world. For example,
electrical engineers use j to analyse oscillating currents. Physicists have found
that imaginary numbers provide the best language for describing some
real-world phenomena, such as the flow of fluid around a pipe or solutions to
differential equations modelling shock absorbers.

The polar form of complex numbers

The position vector of the point z in an Argand diagram can be described by means
of its length r and the angle 0 it makes with the positive real axis (figure 3.1).

Im j

Figure 3.1



The distance r is of course |z|, the modulus of z. The angle 8 is slightly more

complicated: it is measured anticlockwise from the positive real axis, normally in
radians, but is not uniquely defined since adding 2kx (for any integer k) to 6

gives the same direction. To avoid m A
confusion, it is usual to choose that L
value of @ for which —n < 6 < m; this —3+3j L
is called the principal argument of z, N
denoted by arg z. Then every complex

number except 0 has a unique principal o NN

argument: the argument of 0 is undefined. - s
For example, with reference to figure 3.2, —2i%

arg(—4)=mn
arg(—2j) = —g Figure 3.2
arg(1.5) =0

arg(—3 +3j) = %n.

Find (i)argj (i) arg(v/3 +j) (i) arg(—4 — 4j) (iv) arg <_1 —2\/§J>

It is clear from figure 3.3 that Im
x =rcosl y=rsin0
r=y2+y2 tanf=2 . y
X
and the same relations hold in the other 0 >
(6] x Re
quadrants too.
Figure 3.3

These can be used to find the real and imaginary parts from the modulus and
argument, and vice versa, but care is needed in finding the argument from the

real and imaginary parts. It is tempting to say that § = arctan (Z) , but this

gives a value between — % and %’ which is correct only if z is inxthe first or
fourth quadrants. For example, the point z; = 2 — 3j is in the fourth quadrant,
and its argument is correctly given by arctan (?) ~ —0.98 rad (=~ —56°).
But z, = —2 + 3j is in the second quadrant, where its argument is

arctan <i> + 7 ~= 2.16 rad (= 124°) as in figure 3.4 overleaf.

ssoqunu xa31dwod Jo wuoy sejod syg
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Complex numbers

Im g
22 L

sl

Figure 3.4

The general results for all quadrants are shown in figure 3.5. It is wise to draw a
sketch diagram each time.

arg z = arctan (%) + 7 T arg z = arctan (%)

\)

Y

arg z = arctan (E

x

) -7 ‘ arg 7 = arctan (y)
Figure 3.5

Mark the points 1 +j, 1 —j, —1 +j, —1 — j on an Argand diagram. Find argz
for each of these, and check that the statements in figure 3.5 are correct.

Most calculators can convert from (x, y) to (r, 0) (called rectangular to polar,
often shown as R — P) and from (r, 0) to (x, y) (polar to rectangular, P — R).
Find how to use these facilities on your calculator, and compare with other
available types of calculator. Does your calculator always give the correct 6, or
do you sometimes have to add or subtract n?

Since x = rcos 6 and y = rsin  we can write the complex number z = x + yj in
the form

z=r(cosf+jsinf).

This is called the polar or modulus—argument form. For example
4= \6<3—”+jsin3—”>
4 4
7= 7<cos£+jsin£>
2 2
—3 =3(cosm + jsinm)

4+ 3j = 5( cosa + jsina) where o = arctan <%> ~ 0.644.



In Questions 1-16, find the modulus and principal argument. Give the argument in
radians, either as a simple rational multiple of m or correct to 3 decimal places.

1

5

9

10

1

12
13
17

1 2 2 3 3j a —4
1+j 6 —5-—35j 7 1—3 8 6V3+6j
—V18 + V/18;

8 <cos£ + jsin E)
5 5

c0s2.3 +]sin2.3
4
—3(cos(—3) +jsin(—3))
3 —4j 14 —12+5j 15 44-7j 16 —58 —93j
Given that arg(5 + 2j) = a, find the principal argument of each of the

VE os1a10xg

following in terms of o.
i —5-2j (i) 5—2j i) —5+2j
(iv) 2 + 5j ) —2+45j

In Questions 18-22, write the complex numbers in polar form.

18
19
20

21

22

23

24

cosa — jsino
3(sino + jcosa)
j(coso+jsina)
10
cosa + jsina
1+jtana

(i) Given that z = cos 6 + jsin 6, plot the points 0, 1, z, 1 + z on an Argand
diagram. What sort of quadrilateral do these points form? Hence find
the modulus and argument of 1 4 cos§ + jsin 6.

(i) Obtain the same result by expressing 1 + cos 8 + jsin 8 in terms of cosg
and sin Q
(i} Find the modulus and argument of 1 — cos 0 — jsin 0.

(i) Given that & = —1 + 2j, express o* and o in the form a + bj. Hence

show that o is a root of the cubic equation
2 +72 + 152425 =0.

{ii) Find the other two roots of this cubic equation.

(i) Hlustrate the three roots of the cubic equation on an Argand diagram,
and find the modulus and argument of each root.

{iv) L is the locus of points in the Argand diagram representing complex
numbers z for which |z + 3| = 3. Show that all three roots of the cubic
equation lie on L and draw the locus L on your diagram.

[MEI]
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E EXAMPLE 3.1

Complex numbers

)

Sets of points using the polar form

Draw Argand diagrams showing the sets of points z for which

) argz=2= i) arg(z—j) ==
g 1 g ) 1
(i) 0 <arg(z—j) < % {iv) arg(z —j) = arg(z — 2 +j)
SOLUTION
(i) argz= z Im
8 4

. ...m
& the vector z has direction "
&z lies on the half-line from the origin

. T o, .
in the Z direction, see figure 3.6. o Re

{(Note that the origin is not included, Figure 3.6
since arg 0 is undefined.)

. N
{ii) arg(z — J) = Z ImA
< the vector z — j from the point j
to the point z has direction %

&z lies on the half-line from the

o
Fy

point j in the % direction, see figure 3.7. Figure 3.7

(iii) 0 < arg(z —j) < z

A
4
& the vector z — j from the point j to the point z has
i

o T .
direction between 0 and " (inclusive)

&z lies in the one-eighth plane shown in figure 3.8. 0 Re

Figure 3.8

(iv) arg(z —j) = arg(z —2+j) Im
& the vectors from points j and 2 — j to

the point z are in the same direction

and sense *

< z lies on the line joining points j and S >

2 —j, but does not lie between these 0 Re

points or at either of them, see 2-j
figure 3.9. \
Figure 3.9




In Questions 1-6, draw an Argand diagram showing the set of points z for which
the given condition is true.

1 argz:—g 2 arg(z—4j)=0
3 arg(z—|—3)>§ 4 arg(z+1+2j):‘%t
5 arg(z—3+j) < —% 6 —%<arg(z+5—3j)<§

7 Find the least and greatest possible values of arg z if |z — 8j| < 4.
8 If k is positive and |z| < k, prove that 0 < |z + k| < 2k and
n n
——<arglz+ k) <—
S <arglz k) <
Find the least and greatest values of |z + 2k| and arg(z + 2k).

In Questions 9-11, draw an Argand diagram showing the set of points z for which
the condition is true.

9 argz=arg(z+2)
10 arg(z —2 — 5j) = arg(z+4 — 2j)
11 arg(z+j) =arg(z—3)+7n

12 Prove that the set of points for which arg(z — 1) = arg(z + 1) + % is part of

the set of points for which |z — j| = v/2, and show which part clearly in a
diagram.

Multiplication in the Argand diagram

The polar form quickly leads to an elegant geometrical interpretation of the
multiplication of complex numbers. For if

z1 = r(cos 0 +jsin6;) and z, = r,(cos 6, + jsin 6,)
then z,z, = rir(cos ) + jsin,;)(cos B, + jsin 6,)
= rny[cos B cos B, — sin 6, sin 6, + j( sin 8, cos 6, + cos B, sin §,)].
Using the compound angle formulae gives
212y = niryfcos (6 + 6,) +jsin (0; + 6,)].

This is the complex number with modulus r;7, and argument (8, + 6,), so we
have the beautiful result that

|z12:| = |z1]| 2]

and
arg(z;z,) = arg z; + arg z, (& 27 if necessary, to give the principal argument).

So to multiply complex numbers in polar form you multiply their moduli and
add their arguments.

da¢ os1919x3



Complex numbers

5

Using this interpretation, investigate
{i) multiplication by j
{ii) multiplication by —1.

This gives the following simple geometrical ImA

interpretation of multiplication.
213

To obtain the vector z2,, enlarge the vector z rr
by the scale factor |z | and rotate it through

arg z, anticlockwise about O (figure 3.10).
6, \ 71
This combination of an enlargement followed o

. . . . . (6]
by a rotation is called a spiral dilatation.
Figure 3.10

Check this by accurate drawing and measurement for the case
z1 = 2+4j, z = 3 + 4j. Then do the same with z; and z, interchanged.

The corresponding results for division are easily obtained by letting

z
2L — w. Then z, = wz, so that

2
|z1] = |w||z| and arg z; = argw + arg z, (£ 2= if necessary).
Therefore |w| = al_lal
2 |Zz|

z
and argw = arg=t
2

= arg z; — arg z, (& 27 if necessary, to give the principal argument).

So to divide complex numbers in polar form you divide their moduli and
subtract their arguments.

In Questions 1-9, given that z = 2 <cos% + jsin %) and

w=3 <cos§ 4+ jsin g) , find the following in polar form.
w z
1 wz 2 — 3 —
z w
al 5 w 6 2
z
7 Wzt 8 5jz 9 (1+4+j)w
. 1 . .
10 Prove that, in general, arg— = —arg z, and deal with the exceptions.
z

11 Given the points 1 and z on an Argand diagram, explain how to find the

following points by geometrical construction:
i 3z (i) 2jz i) (3 +2j)z
{iv) z* ™ || wi) Z°



12

13

14

15

16

Describe the motion of each of the points in Question 11 as the point z moves
{a) along the imaginary axis from —j to j;

{b) once anticlockwise around the circle |z| = 1, starting at z = 1.

By considering powers of 2 4 j, show that the position vector <3> bisects

€ 9s1049%3

the angle formed by the position vectors <f) and <1?> . Check this by

vector methods, using the scalar product.
—1+]j

143
Express —1 4 j and 1 + v/3j in polar form.

V3-1
2v2

The complex numbers o and f§ are given by atd_ 2 —jand

p=—V6+2 :

(i) Show that « = 2+ 2j.

(ii) Show that |x| = |f]. Find argo and arg f.

(i} Find the modulus and argument of af. Illustrate the complex numbers

Find the real and imaginary parts of

5 . .5
Hence show that cos% = , and find an exact expression for sin 1_72T

o, p and of on an Argand diagram.
{iv) Describe the locus of points in the Argand diagram representing complex
numbers z for which |z — «| = |z — ]. Draw this locus on your diagram.
(v) Show that z = a + f§ satisfies |z — a| = |z — f|. Mark the point
representing o + f§ on your diagram, and find the exact value of arg(« + f3).
[MEI]

The right-hand diagram below shows what happens to the character drawn
on the Argand diagram on the left when each point representing z is
replaced by the point representing z°. Explain why

{i) the knife has moved nearer the origin, but got longer;
{ii) his forearm has moved from vertical to horizontal;
(i} his boots have grown more than his head;

{iv) he has stabbed himself in the stomach. ImA
I
i %
; >
/] 1 .
= -1 Re
-1 l;e
=
.
N
39




E de Moivre’s theorem

Complex numbers

When you multiply two complex numbers (in polar form) you multiply their
moduli and add their arguments: the product of

z1 = n(cost +jsinf) and 2z = r(cosb, +jsinb,)
is 212y = rir(cos (0; + 6;) + jsin (6; + 6,)).

Much can be done by using this result repeatedly with just a single complex
number z, of modulus 1. This allows you to concentrate on what happens to the
argument.
Forif z=cosf+jsind
then 2 = cos (0 + 0) + jsin(6 4 0) = cos 20 + jsin 26,

2 =7'2 = cos (20 + 0) + jsin (20 + 0) = cos 30 + j sin 30,

and so on. This suggests the following general result.

de Moivre’s theorem

If n is any integer then
(cos @ +jsin0)" = cos nf + j sin nf.

Proof

The proof is in three parts, in which # is (i} positive (i) zero or {iii) negative.
(i) When nis a positive integer the proof is by induction.

The theorem is obviously true when n = 1, and if
(cos B + jsin 8)* = cos kB + jsin kO
then (cos@ +jsin 0! = (cos kb + jsin k0)(cos 6 + jsin 6)
= cos (k6 + ) + jsin (k0 + 0)
=cos(k+ 1)8+jsin(k+ 1)0
so by induction the theorem is true for all positive integers .
(i) By definition, z° = 1 for all complex numbers z # 0. Therefore

(cosO +jsin)’ =1 = cos0 4+ jsin0.

(i) For negative n the proof starts with the case n = —1. Since
(cos B+ jsinB)(cos (—0) +jsin(—0)) = cos (@ — 0) +jsin(0 —0) =1
it follows that (cos 8 4 jsin0) ™' = cos (—0) + jsin (—0). @
If n is a negative integer, let n = —m. Then

(cosf +jsinB)" = (cos B+ jsin )"
= [(cos 0 + jsin6)™] ™!
= (cosmf + jsinm@)~"  using (i) for m, which is positive
= cos (—mf) + jsin (—mB@) using @ with m0 in place of 0

= cos nf) + j sin nf.



EXAMPLE 3.2

Historical note

de Moivre’s theorem is also useful for simplifying powers of complex numbers
when the modulus is not 1. For if z = #( cos 8 + jsin 8) then

Z" = [r(cos B +jsin0)]" = r"(cos 6 + jsin B)" = +"(cos nb + j sin nf).

12
Evaluate i) (cos%—l—jsin%) i) (\/3_’+j)5-
SOLUTION

(i} By de Moivre’s theorem

12
<cos£—|—jsin£) = cos<12 X E) +jsin<12 X E)
8 8 8 8
= cos (3_n> + jsin <3—n> = —j.
2 2

{ii) First convert to polar form:

z=V3+j= |z =V3+1=2, argz=arctan<%> =g.

s 5
So (\/§+J) :25<cos£—|—jsin%)

= —16v/3 + 16j.

Abraham de Moivre (1667-1754) came to England from France as a Huguenot refugee at the age of
eighteen and spent the rest of his long life in London. In papers from 1707 onwards he made use of
‘his’ theorem, though he never published it explicitly.

1 Use de Moivre’s theorem to evaluate the following.

15 -8
M (cos£+jsin£> (i) <cos£+ jsin£>
4 4 3 3
3 .o 7\ . LAY
(i} { cos| —— | +)smn{ —— (iv) | cos— — )sin—
12 12 8 8

[Hint for (ivk: cos § — jsin 0 = cos (—0) + jsin (—0)]

ae os1a1oxg
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Complex numbers

]

EXAMPLE 3.3

2 By converting to polar form and using de Moivre’s theorem, find the
following in the form x + jy, giving x and y as exact expressions or correct
to 3 decimal places.

@ (1—3))° i) (=2 + 2j)
(i) (0.6 4 0.8j)~° (iv) (v/27 + 3j)°
3 Simplify the following.
.. 3
i) (cos(—a) +jsin(—a))® {ii) (cos +_J s.m ﬁ)_s
(cosfp —jsinp)
(i) (cos®y +jsinycosy)'’ (iv) (1 4 cos 26 +jsin28)™*

4 Deduce from de Moivre’s theorem that (cos 6 — jsin 8)" = cos nf — jsin nfl
i by putting 0 = —¢ {ii) by using conjugates.

Using de Moivre’s theorem

One of the reasons for the general acceptance of complex numbers during the
eighteenth century was their usefulness in producing results involving only real
numbers; these results could also be obtained without using complex numbers,
but often only with considerably greater trouble; de Moivre’s theorem is a good
source of such examples.

Express cos 56 in terms of cos 0.

SOLUTION
By de Moivre’s theorem
cos 50 4 jsin 50 = (cos 0 + jsin 0)°
=’ 4 5jc*s — 105" — 10jc*s” + 5¢5* + js°
(where ¢ and s are used as abbreviations for cos 8 and sin § respectively).
Equating real parts:

cos50 = ¢ — 10°s* + 5¢s*.
But s=1-¢
SO cos50 = & — 10°(1 — &%) 4 5¢(1 — ¢2)?
= — 108 + 106 + 5¢ — 10 + 5¢°,

Therefore cos 50 = 16 cos® 6 — 20 cos® 0 + 5 cos 6.



EXAMPLE 3.4

(i Check that the above expression for cos 50 gives the correct results when
0 = 0 and when 0 = .
(i) By equating imaginary parts find sin 50 in terms of sin 0.

Notice that de Moivre not only gives a straightforward solution of the original
problem, but also gives the expression for sin 50 with very little extra work — two
for the price of one!

Example 3.3 gave a multiple-angle formula in terms of powers; it is sometimes
useful (e.g. when integrating) to do the reverse. For this you need the following
deduction from the main theorem:

if z=cosl +jsinf
then z" = cosnf + jsin nf
and z~" = cos (—nB) + jsin (—nB) = cos nf — jsin nf.
Therefore cosnf) = %
and sinnf =2 'Z
2]

Express cos’ § in terms of multiple angles.

SOLUTION

Let z = cos 0 +jsin 0.

Then 2cos0=z+z"!

= 2°cos’f=(z+2z"Y
=22 +52 +10z+ 102" +527° + 2~
=(Z+2)+5(2+27)+10(z+ 27
=2c¢0s50 4+ 10 cos 30 + 20 cos 0

_ ¢c0s50 4 5cos 30 + 10 cos
16

5

= cos’ 0

Use a similar method to express sin’ # in terms of multiple angles.

WSI0aY} S,04AI0[) P
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Complex numbers

Prove that cos40 = ¢* — 6¢%s* + s* and sin46 = 4¢%s — 4¢s®, where

c=cosf, s =sin6.

Use these results to find tan 48 as a rational function of tan 8.
sin 460
cos 46

[Hint: Put tan 46 = and divide throughout by ¢*.]

Find the expressions for cos 30 and sin 30 given by de Moivre’s theorem.
Hence express

(i} cos30 in terms of cos 0

(i) sin 360 in terms of sin @

(i) tan 30 in terms of tan 6.

sin 66

Find cos 66 and in terms of cos 0.

sin
If ¢ = cos B, s = sin 6, t = tan 6 show that
cos 1l = " —"Cyc" i 4+ "Cuc™ st — - -

= "1 ="Cy? +"Cyt* — 1)

and sinnf ="C;c" 's —"Cy" S 4 - -
= "("Cit = "Gt + ).

Hence find tan nf in terms of ¢.
Express each of the following in terms of multiple angles.
(i) cos'd (i} sin’ @ (iii) sin® 6
iv) cos’ Osin* 0 v) cos*Osin’ 0

Prove that cos” 0 sin” 6 can be expressed in terms of the cosines of multiple
angles if n is even, and in terms of the sines of multiple angles if # is odd.

Use your previous results to find these integrals.

/2
(i) Jsinﬁ 0do (i) J

0

cos® Osin* 0dO (iii) J cos* @sin’ 6 d6
0

n —n
2" +z
Use cos nf = +T to express

cos 0 + cos30 + cos50 + - - - +cos (2n — 1)0

as a geometric series in terms of z. Hence find this sum in terms of 6.

(i) Given that z = cos ) + jsin 0, write down z" and L in the form a + jb.
Zﬂ
Simplify z" + L and z" — i
z" z"
5tanf — 10tan’ 6 + tan’ 0
1 — 10tan* 0 + 5tan* 0

(i) By considering z°, show that tan 50 =

2 4
{iii) By considering <z — l) <Z + l) find the constants p, g, r and s such
z z

that sin” 6 cos* 0 = p + qcos 20 + r cos 40 + s cos 60.
[MET]



10 (i) Given that z = cos 8 + jsin 0, write down 2" and L in the form a + jb.
Zn

Simplify z" + Loandz-L

Zn

Zf’l

4 2
{ii) Expand (z — l) <Z + l) , and hence find the constants p, g, r and s
z z

such that sin* 6 cos’ 0 = p + qcos 20 + r cos 40 + s cos 60.

(i) Using a suitable substitution, and your answer to part (ii), show that

2
J x4v4—x2dx=4?n+\/§.
! [MEI]

11 By expressing cos”” 6 in terms of cosines of multiple angles, prove that

r cos’"0df = (2m)lm
0 22n(nl)*

s

What is J cos™1 6 d6?
0

Complex exponents

When multiplying complex numbers in polar form you add the arguments, and
when multiplying powers of the same base you add the exponents. This suggests
that there may be a link between the familiar expression cos & 4 jsin 0 and the
seemingly remote territory of the exponential function. This was first noticed in
1714 by the young Englishman Roger Cotes, two years before his death at the
age of 28 (when Newton remarked ‘If Cotes had lived we might have known
something’), and made widely known through an influential book published by
Euler in 1748.

Let z = cos 0 + jsin 0. Since j behaves like any other constant in algebraic
manipulation, to differentiate z with respect to 6 you simply differentiate the
real and imaginary parts separately. This gives

% = —sinf+jcosd
=j*sinf + jcos O
= j(cos 8 + jsin0)
=jz.
So z = cos 8 + jsin B is a solution of the differential equation % =jz.

If j continues to behave like any other constant when it is used as an index, then

. dz . . < . .
the general solution of rr i jz is z = ¢, where ¢ is a constant, just as

— ekH—c

X is the general solution of & kx.

Therefore cos6 + jsin0 = ¢/,

3¢ 9s1949%g



Complex numbers

Putting 6 = 0 gives

cos0 + jsin0 = ***

= l=e

= c=0

and it follows that
cosf+jsinf = e

The problem with this argument is that you have no way of knowing how j
behaves as an index. But this does not matter. Since no meaning has yet been
given to e* when z is complex, the following definition can be made, suggested
by this work with differential equations but not dependent on it:

e’ = cos0 + jsin 0.

Note

The particular case when 6 = n gives e = cosn + jsinn = —1, so that
el"+1=0.

This remarkable statement, linking the five fundamental numbers 0, 1, j, e, «, the

three fundamental operations of addition, multiplication and exponentiation, and

the fundamental relation of equality, has been described as a ‘mathematical

poem’.

The first use of e’ is simply as a more compact way of writing familiar
expressions. For example, the polar form r(cos 8 4 jsin §) can now be
abbreviated to re’’, and de Moivre’s theorem becomes the seemingly obvious
statement

(e®)" = e/ for all rational n.

The definition of e” for any complex number z is now fairly obvious. Since you
naturally want to preserve the basic property e™” = e x ¢, it follows that if

z=x+jythene® =¢e" x e,
This suggests the definition
e =¢e"(cosy +jsiny).

Notice that, when y = 0, e* = €%, so that when z is real this definition of e gives
the exponential function you have used until now. Also, taking x = 0,

" = cosy + jsin y, agreeing with the definition suggested by the differential
equation.

Prove that e“"™ = ¢, This means that the exponential function is periodic,
with the imaginary period 27;j.



EXAMPLE 3.5

EXAMPLE 3.6

Given two complex numbers, z and w, prove from the definition that

T =" x e".

SOLUTION

Let z = x+jy and w = u+ jv. Then

e“ x e” =e"(cosy+jsiny) X e(cosv+jsinv)

e“e"(cosy + jsiny)(cosv +jsinv)

= e (cos(y+v) +jsin(y +v))
— ex+u+j(y+v)

— ez+w.

Since e’ = cos 0 +jsin0 and e * = cos (—0) + jsin (—0) = cos — jsin 0, it
follows that

e 4 e e — e

cosf = and sinf = -
2j

These are essentially the same as the results which were used in Example 3.4.

Prove that 1 + e =2 cosgejg/z.

SOLUTION

The factor /2 on the right-hand side suggests writing each term on the left-
hand side as a multiple of e/,

1=eP2xe?  and € =% x 2,
Therefore 14 e = e0/2(e719/2 1 ¢i0/2)

=2 x 2 cos g, as required.

Note

You should remember the result of Example 3.6 as it will be useful in the work of
the next section. See Question 6 of Exercise 3F for an alternative method.
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Complex numbers

10

1

Express ¢” in the form x + jy, where z is the given complex number.

iy —jn (i) % (iii) 2+ 91

ivi 3—4j

Find all the solutions of ¢ = ¢’, and plot some of them on an Argand
diagram.
1 -3

2et

Find all the solutions of ¢ =

, and plot some of them on an Argand
diagram.

Find all the values of z for which ¢** = ()",
0 .. 0 o
Prove that 1 — e” = —2j smze .

Plot the points 0, 1, ¢, 1 4+ ¢/ on an Argand diagram.
What sort of quadrilateral do these points form?

Use the geometry of this quadrilateral to prove again the results of
Example 3.6 and Question 5.

Prove that (1 + %%)" = 2"cos" f /™.

If z = f(p) + jg(p), where p is a real parameter, then the derivative and

integral of z with respect to p are defined by % =f'(p) +jg'(p) and
p

Jzdp = [f(p)dp+j [g(p)dp.

. . dz
Prove that if z = ¢ where « is a fixed complex number, then e oe™?

e”?
and [zdp =

+c.
o

The position at time t of a point Z moving in an Argand diagram is given
by z = re/, where r and 6 depend on ¢.
2
Find % and %, and deduce the radial and transverse components of the
velocity and acceleration of Z. (The radial and transverse directions are
—
respectively parallel and perpendicular to OZ.)

Let C = fe3x cos2xdxand S = fe3" sin 2x dx.

(3+2j)x

Show that C 4-jS = : n + A, where A is a constant. Hence find C and S.

Find [e™ cos bxdx and [e™ sin bxdx

(i} by using integration by parts twice
(i) by using the method of Question 10.

Which method do you prefer?



Summations using complex numbers

EXAMPLE 3.7

This section shows how complex numbers can be used to evaluate certain real
sums. It may be possible to do these summations without using complex
numbers (e.g. by induction, once you know the answer), but this is considerably
more awkward. Sometimes it is worth setting out to do more than is required, as
in the next example.

Find a simplified expression for the sum of the series

1+"Cjcos +"C,co820 +"Cscos30 + - - - + cos nb.

SOLUTION

At first sight this series suggests the binomial expansion (1 + cos 6)": the
coefficients 1(="Cy), "C;, "C,, ..., 1(= "C,) are right, but there are multiple
angles, cos rf, instead of powers of cosines, cos” . This indicates that

de Moivre’s theorem can be used. The trick is to introduce the corresponding
sine series too.

Let C=1+"Cjcos8+"C,cos20 + "C5c0s30 + - -+ cos nf
and S="C;sinf+ "C,sin20 + "Cssin30 + - - - + sin nf.

Then C+jS=1+4 "C;(cosf +jsin8) + "Cy{cos20 + jsin26) + - - -
+ (cos nb + j sin nd)

n j6 n 20 jnb
=1+"Cie" +"Cpe”™ + -+ ¢ Using de Moivre’s theorem:
j 82 j eirf = (el
=14+"Cre® +"Cy(e®)? + ...+ (). ©*)

This is now recognisable as a binomial expansion, so that
C+jS=(1+€")"

To find C you need to find the real part of (1 + ¢/)", and here Example 3.6 is
useful:

(1+e%" = <2 cosgeje/z) =2" cos"gej”g/2
2 2
=2" cos"g (cosn—g +j sinn—0>.
2 2 2

no

Taking the real part, C = 2" cos” Qcos —.

State the result obtained by equating imaginary parts.

Remember there are alternative notations for binomial coefficients, "C, or < . ) .

4€ os12a9x3



Complex numbers

)

1 Let C=1+cosf +cos260+ -+ +cos(n—1)0

and S =sinf@ +sin20 + --- +sin (n — 1)6.

Show that C + jS is a geometric progression with common ratio e and
_ jn8

sum

o By multiplying the numerator and denominator of this sum
—e

by 1 — e~ show that C = 1 — cosf 4+ cos(n— 1)6 — cos nf

2 —2cosb

and find S.

(i) Show the points 2 and 2 + cosz?n +j sinz?n on an Argand diagram, and
hence show that 2 + cosz?n +j sinz?n = /3¢S,

n
(i) Deduce that Z "C,2m T COSZ% = 3"/2 cos%.

r=0
(i) State the corresponding result for sines.

You are given that w = 1 — ¢* cos 6, where 0 < 0 < I

it Express ¢* and e 7* in the form a + jb, and show that w = —je/’ sin 6.
(i) Find |w| and arg w.
Hence write down the modulus and argument of each of the two square

roots of w.
Series C and S are defined by

C = cos 0 cos @ + cos 26 cos® @ + cos 36 cos®> 8 + - - - + cos nf cos™ 0
S = sin 0 cos 0 + sin 26 cos® 0 + sin 30 cos® O + - - - + sin nf cos” 6.

{iii)y Show that C + jS is a geometric series, and write down the sum of this
series.
. . . sin n0 cos™"" 0
{iv) Using the results in part (i), or otherwise, show that C = g
sin
and find a similar expression for S.
[MEI]

(i) Given that z = cos 0 + jsin 0, express z°, z° and z" in the form a + jb.

The infinite series C and S are defined as follows:
1 1 1 1
C=1+—cos@+—cos20+—cos30+---+—cosnf+ ...
3 9 27 3n
1. 1. 1 . 1 .
S==sin0+—sin20 +—sin30 +---+—sinnf + - - -.
3 9 27 3n

(i) Express C +jS in terms of z, and show that it is a geometric series.
{iii) Write down, in terms of z, the sum to infinity of this geometric series.
{iv) Express, in terms of 8, the sum to infinity of (a} C (b} S.

3

— 0COos

[MEI]



5 (i) Write down, in the form a + jb, the following complex numbers:
e e and e 71",

(i) Show that (1 — %ezje)(l — %e_zjo) =2 — cos 20.

The infinite series C and S are defined as follows:

D¢ 9s1949Xg

C=cos@+%cos39+ic0559+%cos70+~~~+%cos(2r— DO+ .-
. 1. 1 . 1 . 1 .
S:sm@—|—Esm39—|—zsm59+gsm79+~~-—|—Fsm(2r— 16+ -

4el? — 2¢710

5—4cos20

{iv) Hence find expressions for C and S in terms of cos , sin § and cos 26
only.

{iii} Show that C+jS =

[MEI]

6 (i Express the complex number ™ in the form a + bj.
{ii) Simplify%(e"’ +e ¥ and (1 + %eje)(l + %e_’v).

Infinite series C and S are defined as follows:

C

0

_ cos _c0520+c0530_cos46+”.
2 4 8 16
in 0 . . .

_ sin _sm20+sm30_sm46+.”‘
2 4 8 16

2¢” 4+ 1

5+4cosf

S

{iii} Show that C+jS =

{iv) Hence find expressions for C and S in terms of cos § and sin 0.
[MEI]

7 Sum the series Z "C, sin (ot + 8-

r=0

Complex roots: the roots of unity

As early as 1629 Albert Girard stated that every polynomial equation of degree n
has exactly » roots (including repetitions); this was first proved by the 18-year-old
Carl Friedrich Gauss 170 years later.

Therefore even the simple equation z" = 1 has # roots. Of course one of these is
z = 1, and if n is even then z = —1 is another. But where are the rest?

(i) Write down the two roots of z* = 1, and show them in an Argand diagram.

(i) Usez’ —1=(z—1)(z">+ z+ 1) to find the three roots of z> = 1. Show
them in an Argand diagram.

(i) Find the four roots of z* = 1, and show them in an Argand diagram.

G



Complex numbers

s

Every root of the equation z" = 1 must have unit modulus, since otherwise the
modulus of z" would not be 1. So every root is of the form z = cos 6 + jsin 6,

and z'=1 & (cosO+jsind)" =1
& cosnf +jsin nf = 1 (by de Moivre)
< n0 = 2kn, where k is any integer,

since, in polar form, 1 is (1, 0) or (1, 2x) or (1, 4w} or . . ..

As k takes the values 0, 1, 2, ..., n — 1 the corresponding values of 0 are
0 2n Arm 2(n—=w
bl n bl n b n bl

giving # distinct values of z. But when k = # then 0 = 2n, which gives the same
z as 6§ = 0. Similarly any integer value of k larger than # differs from one of

0, 1,2, ..., n—1by a multiple of n, and so gives a value of § differing by a
multiple of 27 from one already listed; the same applies when k is any negative
integer.

Therefore the equation z" = 1 has precisely n roots. These are

z:cos&—l—jsin&, k=0,1,2,...,n—1.
n n

These 1 complex numbers are called the nth roots of unity. They include z =1
when k = 0 and, if n is even, z = —1 when k = g It is customary to use @ (the
Greek letter omega) for the root with the smallest positive argument:

2 L2
w = cos—n—i—Jsm—n.
n n

Then, by de Moivre’s theorem,

[

3
of = cos—an +j sin—an, y
n n

so that the nth roots of unity may
be written as

Lo o,. . ., o 0 Re

The complex numbers 1, o, @7, .. ., o
"' are represented on an Argand
diagram by the vertices of a regular

n-sided polygon inscribed in the pel

unit circle with one vertex at the
point 1. Figure 3.11 The nine ninth roots of unity

¥

Prove that (0" )* = 0"



EXAMPLE 3.8

The sum of all the nth roots of unity is a geometric series with common ratio w:

ot +...+ort=122 _q
l1—w

Therefore the sum of all n of the sth roots of unity is zero.

Solve the equation (1 + jz)" = (1 — jz)", where n is odd.

SOLUTION

The equation can be rearranged as (1 * J Z) =L

. . 1+ 9 -
By taking the nth root of both sides you have, + J Z — 4, where & = ¢/ is an
nth root of unity. IR
Solving this for z gives z = L, where since nis odd . + 1 # 0.
jlo+1)
But 0
_ 1 =2isin2eif/?
a-l= ZJ s 2 € As in Example 3.6
and and Exercise 3F

Questions 3, 6.

a+1= 2cosgej9/2.

Substituting these in the expression for z and simplifying gives

. . . 2kn kn
Since o is a nth root of unity, § = =, and so the roots are z = tan—,
n

n
k=0,1,2,..,n—1.

Work through Example 3.8 in the case when n is even. (Be careful: what is the
degree of the equation now?)

1 Explain geometrically why the set of tenth roots of unity is the same as the
set of fifth roots of unity together with their negatives.

2 If w is a complex cube root of unity, w # 1, prove that

M 1+o)(l+w’)=1

(i) 14w and 1 4+ o are complex cube roots of —1

Giii) (a+b)(a+ ob)(a+ o’b) =d + 1

ivi (a+b+o)(a+wb+o’c)ato’b+owc)=a + P+ — 3abe.

3 A regular hexagon is inscribed in the unit circle. One vertex is a. Give the
other vertices in terms of « and ®, where @ is a complex cube root of unity.

HE os1o40xg
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Complex numbers

]

4 The complex numbers 1, @, @, ..., " ! are represented as vectors in an
Argand diagram, following ‘nose to tail’ in order. Explain geometrically why
these form a regular polygon. Hence prove again that the sum of all the nth
roots of unity is zero.

5 (i) (a) Draw an Argand diagram showing the points 1, @, ®*, ®’, »*,
2 L2
where o = cos?n + jsin ?n

b) If « = o’ show that the points 1, a, o, o’, o* are the same as the
points in (a), but in a different order. Indicate this order by joining
successive points on your diagram.

(e} Repeat (b) with o replaced by f, where § = w’.

{ii) Repeat the whole of (i) taking @ = cosz?n +ij sinz?n and considering the

points 1, o, .. ., @5 1,0, 0], b ﬁs.
(iii) Do likewise for the seventh and eighth roots of unity.

(ivi If o = cos%r +j sin%z and @ = @", form a conjecture about when
Lo o . . o™ Y ={Lad, . . .o .
6 Solve the equation zZ = (j— z)°.
7 Solve the equation z° +z* +2° + 2 + z + 1 = 0.
8 Prove that all the roots of (z — 1)"” = z" have real part %
9 Solve the equation (j — 2)" = (jz — 1)".

10 Solve the equation (z +j)" + (z —j)" = 0.

Complex roots: the general case

To find the nth roots of any given non-zero complex number w you have to
find z such that z" = w. The pattern of argument is the same as in the previous
section on #nth roots of unity, but adjusted to take account of the modulus s and
argument ¢ of w. So let

z=r(cosf +jsin@) and w = s(cos ¢ +jsin ).
Then

z"=w & r"(cosl +jsin B)" = s(cos ¢ + jsin ¢p)
< r"(cos nf + jsin nf) = s(cos ¢ + jsin ).

Two complex numbers in polar form are equal only if they have the same
moduli and their arguments are equal or differ by a multiple of 2. Therefore

" = s and nf = ¢ + 2kn, where k is an integer.

Since r and s are positive real numbers the equation r" = s gives the unique
value r = s/, so all the roots lie on the circle |z] = s'/".



EXAMPLE 3.9

¢ + 2kn
n

The argument of z is 0 = . As k can take the values 0, 1,2,...,n—1,

this gives n distinct complex numbers z, and (by the same argument as for the
roots of unity) there are no others.

Therefore the non-zero complex number w = s(cos ¢ + jsin ¢) has precisely n
different nth roots. These are

st/n <cos <M> +jsin <M>> where k=0,1,2,..,n— 1.

n n
2 n—1
You may also express these n roots as o, am, am”, ..., aw" " where

o =s/" <cos£+jsin£> and w = cosz—n —l—jsinz—n.
n n n n
Then the sum of these n nth roots of w is
-1 __ oc(l — a)")
l—w

o+ 0w + ow? + -+ aw” = 0, since w" = 1.

You may prove the same result by considering the ‘nose to tail’ addition of the
vectors representing the n nth roots.

Represent 2 — 2j and its five fifth roots on an Argand diagram.

SOLUTION

Since 2 — 2j = 8'/2 <cos<— %) +jsin <— %)) , the fifth roots all have modulus
81 ~ 1.23.

Their arguments are

or (taking principal arguments in degrees) —9°, 63°, 135°, —153°, —81°.

The fifth roots are the vertices of a regular pentagon inscribed in the circle
|z| = 81 as in figure 3.12. The sum of these five fifth roots is 0.

ImA

2 -2
Figure 3.12

HE os1o40xg



Complex numbers

EXAMPLE 3.10

Express 8/1° (cos(— %) +jsin (— %)) in the form x + yj, giving x and y
correct to 2 decimal places.

Figure 3.12 is typical of the general case: the n nth roots of z are represented by
the vertices of a regular #-gon inscribed in the circle with centre O and radius
|z|1/ ", This can be useful when dealing with the geometry of regular polygons.

The vertices Ay, Ay, ..., A, of a regular n-gon lie on a circle of unit radius with
- —
centre O. The point P is such that OP = 30A,.

Prove that (PAy)* + (PA)* + - -+ (PA,_,)* = 10n.

SOLUTION
2 .. 2m . .

Let @ = cos— + jsin—, an nth root of unity. Then the vertices A, represent
n n

the complex numbers " for r =0, 1, ..., n — 1, and P represents 3. Therefore

(PA,) = |0 — 3] = (0" = 3)(@ — 3)* = (& —3)(@" —3)

=o"-30 30" +9
=10 —-3w" — 30", since " = 1.

When this expression is summed from r = 0 to r = n — 1 the first term gives 10n
and each of the two sums involving @ is zero, since 1 +® +@* + --- + "' = 0.
This proves the required result.

If w= s(cos ¢ + jsin ¢) then w™ = s™(cos m¢p + jsin m¢) for all integers m by
de Moivre’s theorem.

The complex number w” has the n nth roots

sm/m (cos (_qu + 2kn> + jsin <—mq§ + 2kn ))
n n

. m . ..m . .
One of these is s"/" <cos—¢ +jsin —¢) and the notation w™/" is used
n n
to mean this nth root of w™. This definition ensures that de Moivre’s theorem is

also true for rational powers, since

(cos 0 + jsin 6)™/" = (cosm—0+jsinm—9>.
n n

Explain the fallacy in the following argument:

e vEY AR S
j=v(=1)= _l—m—j,sm—l.

But j* = —1. Therefore 1 = —1.




Find both square roots of —7 + 5j, giving your answers in the form x + yj

with x and y correct to 2 decimal places.

Find the four fourth roots of —4, giving your answers in the form x + yj,
and show them on an Argand diagram.

One fourth root of w is 2 4 3j. Find w and its other fourth roots, and
represent all five points on an Argand diagram.

IE @s1040%g

Represent the five solutions of the equation (z — 3j)° = 32 on an Argand
diagram.

A regular heptagon (seven sides) on an Argand diagram has centre —1 + 3j
and one vertex at 2 4 3j. Write down the equation whose solutions are
represented by the vertices of this heptagon.

One of the nth roots of w is «. Prove that the other roots are aw, aw?, . . .,

- 2n . . 2%}
xw™" where » = cos =~ 4 jsin == Deduce that the sum of all the nth roots
n n

of w is zero.

The nth roots of w are represented by vectors on an Argand diagram, with
w'/" as a position vector and with each subsequent vector added to its
predecessor. Describe the figure which is formed, and deduce again that the
sum of all the nth roots is zero.

The vertices Ay, A;, Az, Ay, As of a regular pentagon lie on a circle of unit
radius with centre at the point O. A; is the mid-point of OP. Prove that

(i) PA; x PA, x PA; X PA, X PA; = 31
5

i > (PA,) =25
n=1

(iii) A1A2 X A1A3 X A1A4 X A1A5 = 5.

The fourth roots of —64 are o, o, o3, %, and these complex numbers are
represented by points A;, A,, A;, A, on an Argand diagram.

(i) Express oy, o, %3, oy, in the form a + bj.
{ii) Draw AjA;A;A, on an Argand diagram.

With f = v/3 4 j, the complex numbers o, 8, a8, %33, 048 are represented
by points By, B,, Bs;, B, on the Argand diagram.

(i) Describe in detail how A;A;A;A, may be transformed geometrically into
B;B,B;B,. Hence show that B;B,B;B, is a square, and state the length of
a side of this square. Draw the square B;B,B;B4 on your diagram.
{iv) The complex numbers «, , o, f3, a3 f3, 48 are the fourth roots of a
complex number w. Find w in the form a + bj.
[MEI, part]

G



Complex numbers

10

1

12

13

(i) Express e’ and e " in the form a + jb, and show that

1 1
==(1 —jtan®).
T 2( jtan 6)

i) Solve the equation z° + 32 = 0, giving the roots in the form re* (where

r > 0and —n < o < «). Mustrate the roots on an Argand diagram.

5
(i) If <1 — 2W> + 32 = 0, show that w has the form 4 (1 — jtan f8), and
w

state the four possible values of § in the interval —17 < f < 17

On a separate Argand diagram, illustrate the four possible values of w.
[MEI]

it Express ¢ and e 7 in the form a + jb, and show that

11

1—el 2

ti)  Find the sixth roots of 8j in the form re'’, where r > 0 and —7 < 6 < 7.
Mustrate these roots on an Argand diagram.

(1+jcot50).

(i) Show that two of these sixth roots have the form m + jn, where m and n
are integers.

6
{ivl Given that <\/§ — i) = 8j, show that w = p(1 + j cot a), stating the value
w

of the real number p and the six possible values of o satisfying
L L
R T <A< ST
[MEI]

(i) By considering the solutions of the equation z" — 1 = 0 prove that
z—)z—0Nz—) .. z—0"H)=2""42"

2 .. 2¢;
where = cos— + jsin—.
n n

otz

{ii) There are 1 points equally spaced around the circumference of a unit
circle. Prove that the product of the distances from one of these points
to each of the others is 1. (Question 8 part (iii) is the case n = 5.)

(i) By finding expressions for the distances in {ii), deduce that

. W . 21 . 3m . (n—1)xm n
sin—sin—sin—. ..sin—— = ——,
n n n n 2=l

Find the following in polar form.

- . 2\
M |32 <cos— + jsin —)]
L 6 6

- -2/3
(i) |343 (cos on + jsin 3—”) ]
8 8

o i3] r=(-5)]




14 (i) Find (%)’ and (*)"/2. Which of these is j*/*2

15

16

(i) Find (j/*)? and (%)"°.
(i) Find a condition involving m and arg w which ensures that
(Wl/n)m — (Wm)l/n.
i) Express ¢/ and e 7 in the form a + jb, and show that
e — 1 =2je"sin .
Series C and S are defined by

C=cosO+cos30+cos50 + -+ +cos(2n—1)0
S=sin0 +sin30 +sin50 4+ .- +sin(2n— 1)0
where n is a positive integer and 0 < § < z
n
(i) Show that C + }S is a geometric series, and write down the sum of this
series.

(i) Show that |C + jS| = 22 ”96, and find arg(C +j9).
Sin

(iv) Find C and S.

The points Ag, Ay, Ay, As, Ay, As, Ag in the Argand diagram correspond to
complex numbers zy, 2, 2, 23, 24> 25, 26 Where zy = 0 and

z; = cos+m + jsinlm. The points are the vertices of a regular heptagon with
sides of length 1, as shown in the diagram below.

1
A A

As Ay

Ag A

Ag

: _ im 2in L(2n—1)jm —
{v) Explain why z, = 7" 47" 4 ... 4 ¢7 forn=1,2,3,4,5,6.
Hence, or otherwise, show that arg(z,) = %nn forn=1,2,3,4,5,6.
[MEI]

The Polish mathematician Hoéné Wronski (1778-1853) once wrote that

—2;.0 _1yl/o _ EVARYES
n—m{(1+¢_1) (1 —V=1)V>),

Was Wronski wrong?

IE @s1040%g



E Geometrical uses of complex numbers

Complex numbers

o)

Your study of complex numbers started in AS Further Pure Mathematics (FPI)
with their origin in algebra, in connection with the solution of polynomial
equations. Then the simple idea of representing a complex number as a point
or a vector in the Argand diagram soon made it possible for you to use
complex numbers in geometry too. Some of these geometrical applications,
such as the use of mid-points, other points of subdivision, centroids, and
enlargements, can be handled equally well by two-dimensional vector methods.
But with other problems, especially those involving rotations or similarity,
complex number methods are especially effective. For example, you have seen
in the previous section some fruitful links between regular polygons and the
complex roots of unity.

Much of the geometrical power of complex numbers comes from the crucial
result about the multiplication of complex numbers in polar form: ‘multiply the
moduli, add the arguments’. This means that the effect of multiplying a complex
number z by a complex number 4 is to turn the vector z in an Argand diagram
through the angle arg 1 anticlockwise and stretch it by the scale factor |1| to give
the vector Az.

In particular, if A, B, C represent the numbers 4, b, ¢ in an Argand diagram,
— —
then BA represents the complex number a — b, while BC represents ¢ — b
(see figure 3.13). Therefore
a—b

c —

if

= A then angle ABC =argl = arg <LZ>
C j—

Angle ABC here means the anticlockwise angle through which BC has to be
—
turned to bring it into line with BA.

Ima

Figure 3.13

Prove the same result by starting with arg <a;:) =arg(a—b) —arg(c— D).
c—



EXAMPLE 3.11

EXAMPLE 3.12

Find the locus of points z for which arg (Z —2 > =z
z+3 3

SOLUTION
Let A, B, P be the points representing 2j, —3, z respectively.
The given condition shows that the direction of ﬁ( =z—12j)is % ahead of the

direction of ﬁ)( = z + 3), in the anticlockwise sense. Therefore /APB = g, and

so (using the converse of the ‘angles in the same segment’ circle property) P lies
on the arc of the circle with end points A and B as shown.

Im

wla

W<
s
P
o

Figure 3.14

Find in a similar form the condition for P to lie on the other arc of this circle.

Two similar figures are directly similar if corresponding points moving round
the two figures go in the same sense, either both clockwise or both
anticlockwise. Find a condition for two triangles in an Argand diagram to be
directly similar.

SOLUTION
Let A, B, C, D, E, F be the points representing a, b, ¢, d, e, f (see figure 3.15).

Then triangles ABC, DEF are directly similar if and only if

AB _ DB and angle ABC = angle DEF,
BC EF

both angles being in the same sense because the similarity is direct.

sioquinu x3[dwod Jo Sasn [2oLI3BWO0I5)
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EXAMPLE 3.13

Im A
E
A
C
D
B
A
i F -
0o | Re
Figure 3.15
Therefore 12— 2 _ 1d—el arg<“;b> = arg (M) and so
le—b |f— ¢ c—b f—e
a—b d—e
c—b f—e
Note

The shape of these triangles is determined by the single complex number
P b _ d—e

c—b f-e
4, 0, 1 (see figure 3.15). When dealing with a set of similar triangles it can be

, and both triangles are similar to the triangle AOI with vertices

helpful to make use of AOI as the ‘standard representative’ of the whole family of
triangles with this shape.

Prove that the condition for two triangles ABC, DEF to have opposite similarity
{(where corresponding points move in opposite senses round the two triangles) is

== ()

Squares whose centres are P, Q, R are drawn outwards on the sides BC, CA, AB

respectively of a triangle ABC. Prove that AP and QR are equal and mutually
perpendicular.
SOLUTION

Working on an Argand diagram, let the points A, B, ... correspond to the
complex numbers 4, b, ... as usual (see figure 3.16).



Figure 3.16

The first step is to find p in terms of b and ¢: two ways of doing this are given.

(i} If D is the vertex opposite B in the square with centre P then CD is
—
obtained by turning CB through a right angle anticlockwise, and so
d — ¢ = j(b — c¢). Therefore, since P is the mid-point of BD,

_b4+d_ b+c+ijlb—o
2 2 )

{ii) Alternatively, triangles BCP, CAQ, ABR are all right-angled isosceles
triangles, and therefore all similar to the ‘standard representative’ triangle

AOI with vertices 1 ;—J , 0, 1.

p—c:q—a:r—b:1+j

Hence
—c ¢—a a-—b» 2
from which
p:C+(1+J)(b—C):b-i-c—i—J(b—c)’ a5 before.
2 2
Similarly

_c+a+tjlc—a) _a+b+jla—b)
9=—— and rE—

It is now easy to complete the proof:
20q—r)=ct+a+ijlc—a)—a—b—jla—b)
=c—b+jlb+ ) —2ja
=jb+c+ijb—c)—2a)
= 2i(p— ).
Therefore R_d is obtained by turning AP through a right angle.

sioquinu x3[dwod Jo Sasn [2oLI3BWO0I5)



Complex numbers

1 Explain the following construction for multiplication of given numbers z
and 2z in an Argand diagram.

Draw the triangle with vertices 0, 1, z;. Then construct the directly similar
triangle which has vertices 0 and z, corresponding to vertices 0 and 1 of the
original triangle. The third vertex of the constructed triangle is z;2,.

ustrate this by doing the construction for z; = 2 +}, z, = 3 + 4j. Then do
the same with z; and z, interchanged.

2 Find the locus of points z for which

<z - 2)) n
arg| ——= | = ——.
z+3 3
(Compare this with Example 3.11.)

3 On a single diagram draw and identify the locus of points z for which

arg <L_12]> = a where a is
z—

W T . T ... 3r ) T
(i} — (li) —— (iif) — {iv) ——.
4 4 4 4

4 Prove that arg <ﬂ) =Z= |z| = 5.
z+35) 4

Investigate whether the converse is true.

5 Given that z; = 3 4 4j, and z, = —3 + 2j, illustrate the following loci or
regions on separate Argand diagrams. For parts (i) to {v) you are not
required to give the cartesian equation of the loci.

M |z—z|=2

(i) z—2|<2

lii) 0 <arg(z—z)<mand |z—2z]| <1
ivi |z—z|=|z— 2|

v) arg(z—z) —arg(z—2z) =§

{vi) Find the cartesian equation of the locus given by |z — z,| = 2|z — z)|
and draw a sketch to illustrate it.
[MEI]



10

Let A, B, C, D, E, F be the points representing a, b, ¢, d, e, f in an Argand
diagram. Prove that triangles ABC, DEF are directly similar if and only if

ae+ bf + c¢d = af + bd + ce.

Find in a similar form the condition for these triangles to have opposite
similarity.

The points A, B, C in an Argand diagram represent the complex numbers a,
b, ¢, and a = (1 — A)b + Ac. Prove that if 1 is real then A lies on BC and
divides BC in the ratio A : 1 — 2, but if 4 is complex then, in triangle ABC,
AB :BC = |4] : 1 and angle ABC = arg /.

i Ifw= cosz?n +ij sinz?n and z is any vector, how are the vectors z and

oz related geometrically?
(i) If 2 + 3j and 4 + 7j are two vertices of an equilateral triangle, find both
possible positions for the third vertex.

(i) If the points a and b are two vertices of an equilateral triangle, prove
that the third vertex is either b + w(b — a) or b+ @*(b — a), where o is
as in Question 8.
(i) Show that these expressions can be written as —wa — @”b and
—w*a — wb respectively.
(i) Deduce that the triangle with vertices z;, 2, z; is equilateral if and only if
z1 +wz + wzz3 =0 or z+ w222 + wzz; = 0.

{iv) Deduce that a necessary and sufficient condition for the points z, z, z;
to form an equilateral triangle is

2 2 2
L+ +5 =05+50+ 2020

The points A, B, C in an Argand diagram represent the complex numbers a,
b, ¢; M is the mid-point of AB, and G is the point dividing the median

AM in the ratio 2 : 1. Show that G represents the number atbte C,

and deduce from the symmetry of this expression that G also lies on the
median through B and the median through C. (A median of a triangle is a
line joining a vertex to the mid-point of the opposite side; the point G at
which the medians meet is called the centroid of the triangle.)

rg 9s1919x3
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Complex numbers

o

11 Directly similar triangles BCL, CAM, ABN are drawn on the sides of a
triangle ABC. Prove that triangles ABC, LMN have the same centroid.

12 (i} On the sides of any triangle, equilateral triangles are drawn, pointing
outward. Using Question 9 part (i), prove that the centroids of these
equilateral triangles form another equilateral triangle. This is Napoleon’s
theorems; it was attributed to the Emperor within a few years of his
death, and he was a good enough mathematician to have discovered it.

(i) Prove that the theorem is still true if the equilateral triangles are drawn
inward rather than outward.

(i) Prove that the triangle of centroids in part (i), the corresponding triangle
in part (i), and the original triangle all have the same centroid.

13 (i) Squares whose centres are P, Q, R, S are drawn outwards on the sides
AB, BC, CD, DA of a general quadrilateral ABCD. Prove that PR and
QS are equal and mutually perpendicular.
{ii) What difference does it make if all the squares are drawn inwards?
(i) Explain how the result of Example 3.13 can be deduced from part ().

INVESTIGATION

Roberts’ theorem

Figure 3.17 shows four rods AB, BC, CD, DA which are flexibly linked. Rod AD
is fixed (sometimes the points A and D are just fixed without being joined by a
rod), and a triangle BCP is attached to rod BC.

P

o

Figure 3.17

This mechanism is called a four-bar linkage: by adjusting the lengths of the rods
and the shape of the triangle it is possible to achieve many different paths for the
point P as the mechanism moves. Four-bar linkages are used to control the
motion of parts of many machines (a good collection of examples is given in
Mathematics Meets Technology by Brian Bolt, CUP, 1991). In 1878 the English
engineer Richard Roberts proved that any motion of P which can be produced
by a particular four-bar linkage can also be produced by two other linkages; this
is useful since the other linkages may be more convenient to fit into the
machine.



To prove Roberts’ theorem you complete the parallelograms ABPE, DCPF, then
construct triangles EPG, PFH directly similar to triangle BCP, and finally
complete parallelogram GPHK (see figure 3.18).

. . —_— —— ——
Putting the figure on an Argand diagram, let AB, BC, CD represent the

complex numbers u, v, w respectively, and let the shape of triangle BCP be
—
defined by the complex number 4, so that BP = Av.

Copy figure 3.18 and mark on each edge the complex number it represents.

Figure 3.18

Deduce that AK represents A(u + v + w), and hence that K is a fixed point. This
shows that the linkage AEGK with triangle EGP and linkage DFHK with triangle
FHP also give the same motion for P.

rg 9s1919x3
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Complex numbers

1 The principal argument of z is the angle 0, —n < 0 < 7, such that
cosfl:sinf:1=x:y:r, where r = |z|.

2 The polar form of z is z = r(cos 0 + jsin 0).
3 Multiplication in polar form — multiply the moduli, add the arguments:
212, = ryrafcos (0 + 0;) + jsin (0; + 05)]

4 Division in polar form — divide the moduli, subtract the arguments:

A = D cos (0, — 05) +jsin (0, — 0,)]

22 L

n

5 de Moivre’s theorem: (cos ) 4 jsin ()" = cos nf) 4 j sin n0, where # is rational.

6 Ifz=cos0 + jsin0 then

" =N

n -n .
= cos@ —jsin@, cosnl e , sinnfl = .z
= 2 2]
. jnt! —jnt! jné __ —jnbl
7 ¢ = cosO + jsin@), cosnl = %, sin nfl = %
)

8 The equation z" = 1 has precisely n roots. These are

wkzcos&—l—jsin&, k=0,1,2,...,n—1.
n n

The sum of all these nth roots of unity is zero.

9 The non-zero complex number s(cos ¢ + jsin ¢) has precisely n different
nth roots. These are

/e (cos (w) + jsin (M)) ,where k=0,1,2, ..., n— 1.
n n

The sum of these n roots is zero, and in an Argand diagram they are the
vertices of a regular n-gon with centre O.

10 In an Argand diagram if e :: = / then
angle ABC = arg /. = arg (a;l;),
C —

and triangle ABC is similar to triangle AOI with vertices 4, 0, 1.



Power series

If | feel unhappy, | do mathematics to become happy.

If 1 am happy, | do mathematics to keep happy.
Alfréd Rényi, 1921-1970
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Figure 4.1
What do you notice about the graphs shown in figure 4.1? What questions do

the graphs provoke?

Polynomial approximations

Since polynomial functions are easy to evaluate, to differentiate or to integrate they
can be useful as approximations to more complicated functions. Here is one way of
finding such approximations, using the exponential function as an example.

Y
If you want to use a straight line to approximate the
curve with equation y = e, there are many straight
lines you could choose. Even restricting your choice

to those which are tangents, there are infinitely .
many lines you could choose. The most obvious ,

straight line to use is the tangent to the curve at the

point where x = 0, as illustrated in figure 4.2. = 5 >

Suppose the tangent has equation

¥y = ay + a,x; then: Figure 4.2

@ line and curve cut the y axis at the same point = ay = ¢° = 1
@ line and curve have the same gradient when x = 0 = a; = 1 since

i(e") = ¢, which is 1 when x = 0.

dx

suonewnxoidde jejwouijod



Power series

So the linear approximation for * is 1 + x.

But straight lines are straight, and are not really
suitable for approximating to curves over any
distance. Using the quadratic equation,

y=a0+a1x+a2x2

to approximate to y = e", as shown in figure 4.3, s -~

requires as before, that:

@ both curves cut the y axis at the Figure 4.3

same point = ay = ¢’ = 1
® both curves have the same gradient when x =0 = a;, = ¢’ =1

but now: @ both curves must have the same second derivative when x = 0.

2 2
Since d—(e") = ¢*, which is 1 when x = 0, and d—(ao + a1 x + ayx’) = 2a,
dx? dx?

® = 24, = 1 = @, = 1. So the quadratic approximation for €* is 1 + x + 1 x°.

Extending this to finding the cubic a4 + a;x + a4, x> + a;x° that approximates to

e brings in the additional requirement that the cubic and e have the same third
3

derivative at x = 0. Now %(ao + a;x + ax° + a3x°) = 3 X 2a; = 3la; and
x

d3

——(€*) = ¢" = 1 when x = 0 s0 you require a; = % The cubic approximation

dx? . )
fore"is1+x+—x"+—x".
2! 31

Figure 4.4 shows the graph of y = ¢
together with the graphs of the linear,
quadratic and cubic approximations

you have just constructed. The graph
shows that, for positive x, the accuracy
of the approximation improves as more
terms are used. Using more terms also
improves the accuracy when x is negative,
though the diagram alone does not
justify that claim.

Figure 4.4



2 3
X

. o . X . .

The cubic approximation for e* is 1 4+ x + — + —. Write down a cubic
approximation for e~*. Multiply the two approximations together and comment
on your answer.

Show that the next (i.e. the fourth degree) approximation for

2 3 4
X

e'is1+x+> 42+ Hence show that e &~ 1 + 1 +L+L+iand
21 31 4l 2t 31 4
evaluate this approximation correct to 3 decimal places.

This is typical of the general case. Suppose f(x) is a function, that its first n
derivatives exist at x = 0, and that you want to find a polynomial p(x) of degree
n which has the same values as f(x) and its first # derivatives at x = 0. Then

p(0) = £(0), p'(0) = £'(0), p"(0) = £"(0),..., p”(0) = £(0).

Note the symbol for the
nth derivative of p(x),

Solving these 1+ 1 equations gives the n+ 1
evaluated here at x = 0.

coefficients needed for a polynomial of degree 7.
Ifp(x) = ag+ ax + @’ + asx® + - + a,x 4+ - + a,x" then p(0) = a, = f(0) and
P(x)=a +2mx+3ax° + -+ rax" 4+ nax"! = p'(0) = q = f'(0);
P(x) =2a +6asx+ -+ r(r— Da,x > + -+ n(n— Da,x"? = p”(0) = 2a, = £(0);
PP ) =6as+ -+ r(r—D(r—2a,x 0+ -+ n(n—1)(n—2)ax""

= p®N(0) = 6a, = £2(0);
and so on. Generalising:

Py =ra, 4+ n(n—Dn—=2)--(n—r+ Dax"" = p(0) = rla, = £7(0);

and p"(x) = nla, = p"(0) = nla, = £"(0).

The last equality on each line gives

a = (0), ay = £/(0), & = %f”(ox o = %f@(m,
cry Ay = lf(r)(o)u ey Ay = if(”)(o)
r! n!

Putting all these together produces the approximation

P o I ) X X" o
f(x)%f(O)—l—xf(O)—l-Ef (0)+;f (O)—I—“-—I——'f (0)+~-~—|——'f (0).
! ! r! n!
This is known as the Maclaurin expansion for f(x) as far as the term in x", or the
nth Maclaurin approximation for {(x).

suonewnxoidde jejwouijod
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EXAMPLE 4.1 Find the Maclaurin expansion for (1 — x)7! as far as x".

SOLUTION

Let f(x) = (1 —x)~L

fx)=(1—-x"" flo)=1
1 — _ -2 ! —
flo=0-2) fo L Tabulate f(x) and its
f'(x) =201 —-x)"" £7(0) =2 derivatives and
evaluate them at x = 0.
fOx) =6(1—x)7* £20) =6
fP(x) =24(1-x)"° £ (0) = 24
£ (x) = ni(1 —x)" " | £2(0) = at

Then (1 —x) ' ml+x+x>+x +xr+- +x"

1 Find the Maclaurin expansion up to the term in x* for each of these
functions.
(i) sinx {ii) cosx {iii) tanx

2 These spreadsheet entries show the start of a method for calculating e™.

A B
1 1 =Al+1
0.5 = A2
1 = A3 % B2/Al

o e | W

= SUM(A3:K3)

Copy them into the first two columns of a spreadsheet. Then drag the
formulae in cells Bl to B3 to cells C1 to C3, D1 to D3, ..., K1 to K3. The
number in cell A2 is the value of x: try changing it. Cell A5 contains the sum

of the numbers in cells A3 to K3. Explain why this is an approximation to e”.

. . . 1 .
3 Use a Maclaurin approximation to calculate — to 5 decimal places.
e

4 Use the cubic approximation to sin x to show that the positive root of
sin x = x* is approximately v/15 — 3.

5 The third Maclaurin approximation to f(x) is 1 — 2x* + 2 x’. Write down

the values of £'(0), £"(0), £(0). Sketch the graph of y = f(x) near x = 0.



n r

6 IfE,(x) = Z"—' show that

— 1l
) E(x) =E,_(x)
i) [E,(x)dx =E,,(x) +c.

Explain how these results are linked to properties of e”.

Y os1a10xg

An approximate rule used by builders to find the length, ¢, of a circular arc
ABC is
8b—a
cC =
3

b

where a and b are as shown in the diagram.

(i) If O is the centre of the circle, show that b = 2r sing and a = 2rsin 0.

{ii) Using the cubic approximation to sin x, show that 85 — a = 6rf. Hence
verify the rule.

(i) Find the percentage error caused by using this rule when 6 = g

A surveyor measures a length AB on sloping ground. Before he plots A and
B on the map he must find the horizontal distance AC between them.

An approximate rule used by surveyors for reducing a sloping length of
100 metres to its horizontal equivalent is ‘Square the number of degrees in
the slope, multiply by 14 and obtain the correction in centimetres.’

B

100m

00
A C

If the slope 6° equals « radians, show that the correction is about 50000
centimetres. Show that the rule is approximately correct for gentle slopes.

B



Power series

A

. . . _1,2
9 Write down the Maclaurin series for e =*
(i) as far as x°

(i) as far as x°.
—1 . S
It can be shown that e72* always lies between these two approximations.

1
. _1,2 .
Use them to estimate J e 2 dx and to establish error bounds for your
0

answer. (It is not possible to find Je_%xz dx explicitly, but finding good

b

N . _12 .
approximations for integrals such as J e ™ dx was an essential part of the
a

construction of the Normal distribution tables, a key tool in statistics.)

Maclaurin series

At this stage it is not possible to say much about the accuracy of these Maclaurin
approximations. But the nth Maclaurin expansion for (1 — x)™!, obtained in
Example 4.1, is the geometric progression 1 4 x + x* + x* 4+ x* + ... + "} if
you let n tend to infinity you obtain the infinite geometric series

L 1 -
14 x+x* +x° +x* + .- which, if |x| < 1, converges to n =(1-x""
x

known as its sum to infinity.

This means that, provided |x| < 1, by taking sufficiently many terms you can
make the Maclaurin expansion of (1 — x)™" as close to (1 — x)™" as you like. But
the geometric series 1 + x + x* + x° + x* + - - - does not converge if |x| > 1.

Generalising these ideas: if the function f(x) and all its derivatives exist at x = 0,
then the infinite series

2 3 r
£(0) + xf'(0) + %f”(o) + %f@m) ot %f(”(o) T
is known as the Maclaurin series for f(x). If the sum of this series up to and
including the term in x" (i.e. the sum of the first # + 1 terms) tends to a limit as
n tends to infinity, and this limit is f(x), you say that the expansion converges to
f(x). For some functions, for example (1 — x)~', the series only converges for a
limited range of values of x; these are described as the values for which the series
is valid. A more detailed examination of the validity of the Maclaurin series is
beyond the scope of this book; for now the values of x for which the common
Maclaurin series are valid are merely stated, without proof.

This chapter started by developing Maclaurin expansions for e*. Since ¢* and all
its derivatives are identical, and ¢* = 1 when x = 0, the Maclaurin series for e” is

2 x3 r

x+d g
23 !

This series is valid for all x.



EXAMPLE 4.2

Find the Maclaurin series for sin x.

SOLUTION

Let f(x) = sin x.

f(x) = sinx f(0)=0 Tabulate f(x) and its
f’(x) — cosx f’(O) —1 deriv;;i:\gsaiu;d :e\(l)e.lluate
f'(x) = —sinx f(0) =0

£ (x) = — cosx £370) = -1
£#(x) = sinx £90) =0

f(2r+1)(x) = (—l)rCOSX f(27+1)(0) _ (_l)r
22 () = (=) sinx | £27(0) =0
f(2r+3)(x) = (_1)r+1 COS x f(2r+3)(0) — (_1)r+1

f(2r+4)(x) = (_1)r+2 sin x f(27+4) (0) =0

3 5 7 r 2r+1
Then sinx = x — — + X _x N % cee Note the connection
31 51 71 @2r+ 1) between these terms
and the fact that sinx
(This series is valid for all values of x.) is an odd function.

Show that the Maclaurin series for cos x is

2 4 6 r 2r
xT X X —1)'x
21 41 el (2r)!
(This series is also valid for all x. Notice that the first two terms here form the
familiar approximation for cos x when x is small, and that, as you might expect,
the series for cos x is the same as the series obtained by differentiating the sin x

series term by term.)

Show that the Maclaurin series for (1 + x)" is

14 nx+ n(n—l)xz_i_“._‘_n(n—l)...(n—r+1)x,+...
2! r!
i.e. the familiar binomial series for (1 + x)".
If n is a positive integer: the series terminates after n+ 1 terms, and is valid

for all x.

If n is not a positive integer: the series is valid for |x| < 1, but not valid for
|x| > 1; the series is also valid for x = 1 if n > —1,
and for x = —1if n > 0.

S$o1I9S uLnePeN
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Figure 4.5 shows the graph of the function (1 + x)~T and several successive

Maclaurin approximations. It illustrates the fact that the approximations

converge on (1 + x)7Tif |x| < 1, but not if x > 1. At first sight the graph may

appear to show that successive approximations also converge when x < —1; but

they cannot be converging on (1 + x) 7%, which is undefined for x < —1.

[
[
|
[
|
[
d \|
\ | a first approximation
K ?\ b second approximation
c. \“\ ¢ third approximation
\l\\ d fourth apprqximgtion
b. ' e fifth approximation
\\L
(]
|
a~.,
J:\
[
|
[
|
|
|
|
|
|
|
|
|
1 £
T T T T T T Eal
-15 -1 -0.5 0 0.5 1 L5 x

Figure 4.5

1 (i) Explain why it is not possible to find Maclaurin expansions for In x.
(i (@) Show that the Maclaurin series for In(1 + x) is

2 3 _qyntlm
X x DT
2 3 n

N

{b) This series is valid for —1 < x < 1 only; by drawing graphs of
y = In (1 4 x) and several successive approximations show that this
is plausible.

(This series was first found by Nicolaus Mercator (1620-87), who lived
for many years in London, though he was born in Denmark.)

2 A graphic calculator or graph-drawing software will be useful in this question.
(il Draw a graph of y = sin x. On the same axes draw graphs of the first
few Maclaurin approximations to sin x.
(i) Repeat (i) for (a) cosx (b) (1+x)7" (e} (1+ x)%°.

X
as far as the term in x°.

3 Find the Maclaurin expansion of f(x) =
Show that no even powers of x can occur in the full expansion.

[Hint for the last part: Show that f(x) — f(0) is an odd function.]



4 In this question give all numerical answers to 4 decimal places.

i) Put x =1 in the expansion

2 3 10
ln(l+x)zx—x7+x——-- ad

3 10

and calculate an estimate of In 2. (Approximately 1000 terms would be
needed to obtain In 2 correct to 3 decimal places by this method.)

(i) Show that In2 = —In (1 — ) and hence estimate In 2 by summing six
terms.

{iii} Write down the series for In (1 + x) — In (1 — x) as far as the first three
non-zero terms and estimate In 2 by summing these terms using a
suitable value of x.

) Given that f(x) = arctan (1 + x), find f'(x) and f”(x).
(i) Find the Maclaurin series for arctan (1 + x) as far as the term in x°.
(i) Use this Maclaurin series to find an approximate value of

0.4
J arctan (1 + x*) dx, giving your answer to 3 decimal places.
0

[MEI, part]
A curve passes through the point (0, 2); its gradient is given by the
differential equation 4 =1 — xy. Assume that the equation of this curve
can be expressed as the Maclaurin series
y= ap + ayx + ax” + asx’ +agt + -
i) Find ay and show that
a; +2a2x+3a3x2—|—4a4x3 +-..=1-2x— a1x2 — (12x3 —axt—

(i) Equate coefficients to find the first seven terms of the Maclaurin series.
{iii) Draw graphs to compare the solution given by these seven terms with a
solution generated (step by step) on a computer.

i) Write down the Maclaurin expansions of
{a) cosf (b) sinf {¢) cosB+jsind,

giving series (c) in ascending powers of 0.

{ii) Substitute x = jf in the Maclaurin series for ¢* and simplify the terms.
{iii) Show that the series in parts (iXe) and (ii) are the same.

(This confirms that the definition ¢’ = cos @ + jsin § given on page 46 is
consistent with the Maclaurin series of the functions involved.)

In this question y, and 4, are used to denote f(")(x) and f (")(0) respectively.

{i) Let f(x) = arcsin x. Show that (1 — xz)yl2 =1and (1 - xz)yz —xy, = 0.

{ii) Find a; and a,.

{iii) Prove by induction that (1 — xz)ynH —(2n4+ Dxy, — nzy,, =0, and
deduce that a,,, = n’a,.

{iv) Find the Maclaurin expansion of arcsin x, giving the first three non-zero
terms and the general term.

av os1919x3
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EXAMPLE 4.3

Alternative approaches

Sometimes finding the coefficients of a Maclaurin series by repeated
differentiation can be very laborious. As shown in the next example, the
problem can be eased if you can express a derivative in terms of earlier
derivatives, or the original function.

Find the first four non-zero terms of the Maclaurin series for €** sin 3x.

SOLUTION
Let f(x) = e*sin3x f(0) = 0.
Then f'(x) = 2e*sin3x+ 3™ cos3x

= 2f(x) + 3¢** cos 3x f'(0)=3

and  f(x) = 2f'(x) + 6e™ cos 3x — 9¢** sin 3x

= 2f"(x) + 2(f'(x) — 2f(x)) — 9f(x)

Expressing f”(x) in terms
of f'(x) and f(x) simplifies
further differentiation.

= 4f'(x) — 13f(x) £(0) = 12.
Then ¥ (x) = 4f"(x) — 13f'(x) f30) =48 —-39=9
and  fP%) =4 (x) — 13f"(x), etc. £f4(0) = 36 — 156 = —120.
2 3 4

Thus ez"sin3x=3x+x—>< 12—|—x—>< 9% « 1204 - -+
2! 31 4!
=3x+6x" +3x° — 55"+

Sometimes a Maclaurin series can be found by adapting one or more known
Maclaurin series. Some such methods are indicated in the next activity. You may
well wonder whether the processes used are justifiable. Is it legitimate (for
example) to integrate (or differentiate) an infinite series term by term? Can you
form the product of two infinite series by multiplying terms? Is the series
obtained identical to the series that would have been obtained by evaluating the
derivatives? Answering these important questions in detail is beyond the scope
of this book, though generally the answer is Yes, subject to certain conditions’.

Try out the following methods and explain why they work. How would you
obtain further terms of the required series?

(i) The Maclaurin series for In (1 + x) can be found by integrating the terms of

the binomial series for (1 + x)~'. Why is the integration constant zero?
X

(i) The start of the Maclaurin series for can be found by multiplying

I+x
together the first four terms of the Maclaurin series for e* and (1 4 x)~' and
discarding all terms in x* and higher powers.



Historical note

(iii) The first few terms of the Maclaurin series for sec x can be found from the
first three terms of the Maclaurin series for (1 + y)~' where

&«

T

Taylor approximations

S$o1I9S uLnePeN

All Maclaurin expansions are ‘centred’ on x = 0. But it is possible to form
expansions centred elsewhere:

let g(h) = f(a + h) where a is the constant x — I;
then g'(h) = f'(a+ h), &' (h) ={"(a+ h), etc,,
and g(0) = f(a), g'(0) = f'(a), g"(0) = f”(a), etc. so that

fla-+ 1) = g(h) = 80) + h0) + 2 ¢'0) + L g(0) 1 -+ M g0,
nl
This may be expressed in either of the following two ways:

fla+h) ~ (@) + ' (@) + 2 f”(>+ @)+ )
or equivalently

2 n
f(x)%f(a)+(x—a)f/(a)+%f”( )+( 3(1) f3)( e (x—a)

£ (),

These two formulae are alternative versions of the nth Taylor approximation for

f(x) centred on x = a. They are also known as Taylor polynomials. (A Maclaurin
approximation is a special case of a Taylor approximation, obtained by putting

a=20.)

Explain the connection between the first Taylor approximation for f(x) and the
Newton—Raphson method of approximating to the root of the equation
flx) = 0.

The Taylor approximations were discovered or rediscovered in various forms by several

mathematicians in the seventeenth and eighteenth centuries. They were familiar to Scotsman James
Gregory (1638-1675), though Englishman Brook Taylor (1685-1731) was the first to publish an account
of them, in 1715. In 1742 Colin Maclaurin {1698-1745), Gregory's successor as professor at Edinburgh,

published his expansion, stating that it occurred as a special case of Taylor's result; for some reason it

has been credited to him as a separate theorem.

B



Power series
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1 Use known Maclaurin series to find the Maclaurin series for each of the

following functions as far as the term in x*.

(i}
(iii)
{v)

2 (i)

(i)

3 (i)

(i)

(iii)

(iv)

4 (i)

(i
(iii)

(iv}

sin 3x (ii} cos2x
sin® x {iv) In (1 + sin x)
e “sinx (i) e*m*
Find ‘[;dx
V1—4axz

By expanding (1 — 4x*)7* and integrating term by term, or otherwise,
find the series expansion for arcsin(2x), when |x| < 1, as far as the term

inx’.
[MEI, part]
By integrating o and its Maclaurin expansion, show that the
x
Maclaurin series for arctan x is
3 5 7
x X x
X—
3 5 7

(This is known as Gregory’s series, after the Scottish mathematician
James Gregory; who published it in 1668, well before Newton or Leibniz
introduced calculus. The series is valid for |x| < 1.)
By putting x = 1 show that
1 1 1
iy 24
4 3 5 7
(This is known as Leibniz’s series. It converges very slowly.)
Show that

(a) % = arctan% + arctan% (known as Euler’s formula for 1)
(b) T_y4 arctanl — arctanL {known as Machin’s formula).
4 5 239

Use Machin’s formula together with Gregory’s series to find the value of
7 to 5 decimal places. (In 1873 William Shanks used this method to
calculate 7 to 707 decimal places, but he made a mistake in the 528th
place, not discovered until 1946!)

Sketch the graph of y = arccos (2x).
Differentiate arccos (2x) with respect to x.
Use integration by parts to find jarccos (2x) dx.
By first expanding (1 — 4x%)7%, find the series expansion of arccos (2x)
as far as the term in x°.
[MEI, part]



5 (i) Prove by induction that

flx) = e sinx = £ (x) = 2"%¢* sin <x + %)

Use this result to obtain the Maclaurin series for e sin x as far as x°.
(ii) Multiply the third Maclaurin approximation for e” by the third

Maclaurin approximation for sin x, and comment on your answer.
(i) Find a Maclaurin approximation for e* cos x by multiplying the third

Maclaurin approximation for e* by the fourth Maclaurin

approximation for cos x, giving as many terms in your answer as you

think justifiable.

Let y = arctan x, so that x = tan y.

i Using cosy = %(e”’ +e”)andsiny = %(e”’ — ™), prove that
]

e — 1
X=—"
i@+ 1) |
(i) By solving (i) for y, deduce that y = ?(ln (14jx) —In(1 —jx)).
)

{iii) Use the Maclaurin series for In (1 & ¢) in (ii) to obtain again Gregory’s
series for arctan x.

u

A projectile is launched from O with initial velocity < ) relative to

%
horizontal and vertical axes through O. The path of the projectile may be
modelled in various ways. The table below shows the position (x, y) of the
projectile at time ¢ after launch, as given by two different models. Both
models assume that ¢ (gravitational acceleration) is constant. Use the
Maclaurin expansion for e X where k is constant, to show that the results
given by Model 1 are a special case of the results from Model 2, with k = 0.

Assumptions about air resistance | Position at time ¢

Model 1 There is no air resistance. x=ut

= vt — s gr?
Y 2

Model 2 | Air resistance is proportional to the | x = %(1 —eM

velocity (with proportionality g+ kv
constant k). y= e (1-

ot 9s1049x3
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The diagram illustrates a Maclaurin expansion. Find it.
(You may assume that 0 < r < 1.)

-« 1 - == >
l—r
A A : A
B Y Y F. ;
y “ =
-y > . >
1 —r A
A
1 1 s Wl —r)
\J
2 5 P :
E=r e =
==
A
)
¥ r<(1—n
A v
1
1 —=r r ;
A
! ad :‘4 I
P e
.
L]
L]
L BN Vi VoV SV e R R PR

There are many ways of obtaining sequences of polynomial approximations for

. T . . .
f(x) = sinx, for 0 < x < > Investigate alternative methods such as the following.

M

(ii)

Use (a) the linear function which passes through (0, 0) and <§’ 1)

{b) the quadratic function which passes through (0, 0), (% R L) and

V2
(&)

{¢) the cubic function which passes through four points on y = f(x);
and so on.
Use polynomials P(x) which minimise

(a) r(f(x) — P(x))dx
0

{b) the maximum value of | f(x) — P(x)| in 0 < x < %
{c) f|f(x) — P(x)|dx
0

(d) r(f(x) — P(x))*dx.
0




Maclaurin series (You will meet other Maclaurin series in Chapter 6.)

1 General form:

2 3 r
f(x) = f(0) + xf'(0) + %f”(m +%f‘“(0) o +’“—,f“’(0) I
! : T

2 Valid for all x:

2 3 i

=l hxt Tttt
2! 3! r!
. 2 7 _1yraartl
v = o D
3151 7 @r+1)!
: 2 o r.2r
cosx:l—x_+x__x_+___+( it
21 4l 6l (2r)!

3 Valid for |x| < 1:

3 ] 7 b
=i
arctanx:x___kx__x__‘_“_'_%_k“

3 5 7 2r—1

4 Valid for -1 < x < 1:

2 3 —1._r

=1

mu+m=x—£+£—m+LJ—i+m
2 3 r

5 Validity depends on n:

(n—1)

(14+0"=1+nc+> Pa...prn=1).. . n=r+l) .

! r!

+ e

If 1 is a positive integer: the series terminates after # + 1 terms, and is valid
for all x.

If #1 is not a positive integer: the series is valid for |x| < 1; also for |x| = 1 if
n=—l;and forx=—1if n > 0.

ot 9s1049x3
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Matrices

By relieving the brain of all unnecessary work, a good notation sets it
free to concentrate on more advanced problems.
A.N. Whitehead, 1861-1947

ZA

Ot--F-----A-e

<y

Figure 5.1

Transformation M with matrix M maps the cube, C, to the parallelepiped, P. Is
there a transformation that maps P to C? If so, what is its matrix? These are
some of the questions dealt with in this chapter.

In your work on matrices in AS Further Pure Mathematics (FP1) you learnt
® to represent a transformation by a matrix

e to multiply matrices

o that matrix multiplication is associative: (PQ)R = P(QR)

1 0 0
e that <(1) (1)) and | 0 1 0 |arethe2 x 2 and 3 x 3 identity matrices

) 0 0 1
respectively
e to evaluate the determinant of the 2 X 2 matrix M = <Z 2)
detM = | # ; =ad — bc

o that detM is the (signed) area scale factor of the transformation represented
by M

o that a non-singular matrix is a matrix with non-zero determinant

o to find the inverse of a non-singular 2 x 2 matrix M:

M- — 1 d —c
detM \ -0 a
® to use matrices to solve simultaneous equations in two unknowns.

In this chapter you will extend your knowledge of matrices so that you can also work
with 3 x 3 matrices and interpret the results. Some of this work was hinted at in FP1.



The determinant of a 3 x 3 matrix

a; bl (]
If Misthe 3 x 3matrix | @ b, ¢ |then the determinant of M is defined by
as b3 C3
detM = g b e a b« + a; b« ,
3 G b ¢ b, o

known as the expansion of the determinant by the first column. Notice that a; is

- . . . . b ¢
multiplied by what is known as its minor, the 2 x 2 determinant | >

3 G

obtained by deleting the row and column containing a;: |, b, | Other

. . . . . 3 b3 Cs
minors are defined similarly: the minor of a, is
1 b« b ¢
= ! ! =b1C3—b3C1.
by o
5 boa

Alternatively you may expand the determinant by the second column:

a c a4 c a4 c
detM = _bl 2 2 + b2 ! - b3 ! ! 5
a G a G @
or by the third column:
a a b a b
detM = ¢ 2 2 -0 ! ! + G ! .
a; by a; by a b
+ - +
The signs attached to the minors alternate as shown:|— 4+ —|
+ - +

A minor together with its correct sign is known as a cofactor and is denoted by the
corresponding capital letter; for example the cofactor of a; is A;. This means that
the expansion by the first column, say, can be written as a;A; + @,A; + a3 As.

It is a fairly easy but somewhat tedious task to show that all three expressions
simplify to
ll]b2C3 + 02b3C1 + a3b1C2 - ll3b2C1 - ll]b3C2 - (12b1C3.

a b oa
The following are alternative symbols for detM: (g, b, ¢|,|ab ¢|or [M]or A.
a b oo

You will see later that you may also expand by the first row:

detM = g, Zz g - b hoa + @ b

3 G a3 G as  bs

= @A +bB +aGC,

or by the second or third row.

XMJBW € X € @ JO JUBUIWLISISP SYL
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EXAMPLE 5.1 2 3 _1
E Evaluate the determinant |7 2 3.
4 5 -2

§ SOLUTION
é Expanding by the first column gives
2 3 3 -1 3 -1
2><5 _2‘—7><5 _2‘+4><2 3‘

=2x(2x(=2)—3%x5)—-7x(3x(=2)—(=1) x5)
+4x(3x3—(—1)x2)

=2x (=19 =7 x (=1)+4x 11
= 13.

The following method of expanding the 3 x 3 determinant

a b o
detM = |a, b, ¢ | was devised by P.F. Sarrus, 1798-1861. Copy the first and
a by ¢
second rows below the third row; form diagonal products and sum them, as
shown.
ay bl (&)
a \b -
2 2. 02
a ><b =<
3 3. €3
/ 4 ><b >
1 1. €1
[l3b2C1 /aZ/bZ\CZ a1b203
aibscy / azbscy
Cl2b1(,‘3 Cl3b1(,‘2
Sum =N Sum = P
detM =P —N

Justify Sarrus’ method and use it to evaluate |2 3 -1
7 2 3.
4 5 =2

Historical note

Although the early work on determinants was done by Vandermonde around 1776, the word
‘determinant’ was coined by Cauchy in 1815, and the vertical line notation was introduced in 1841 by
Arthur Cayley, a pioneer in the study of matrices.

Some properties of determinants are suggested in Questions 2 to 5 of
Exercise 5A. These properties will be developed in the next section.

o



1 Evaluate these determinants.

i |1

5

6

iii)| 5

—4
7

2 Evaluate these determinants. What do you notice?

M (a)

(i) (a)

3 Evaluate these determinants. What do you notice?
(ii)

i |5
7
2

4 Evaluate these determinants. What do you notice?

3 2
1 4
2 3
6
0
-3

4
1
-5

1 1 3
-1 0 2
31 4
1 -5 —4
2 3 3
-2 1 0

5 3
7 4
2 3

(i

(iv)

(b}

(b}

=5
—4

W W O =

5

3 1 3
-5 4 5
-2 1 =2

VG os1asoxg

(i} (a) 3 20 (b) 2 30
-5 -3 7 -3 -5 7
6 4 2 4 6 2
(i) (a) 2 4 5 (b} 2 5 4
1 2 2 1 2 2
-5 3 -3 -5 -3 3
1 1 O 5 -2 —4
5 Giventhat M= |3 3 2|andN=| 2 1 3
2 1 1 —4 1 2

evaluate detM and detN, det(MN), and comment on your answers.

2 2 x
6 Show that x = 1 is one root of the equation |1 x 1| =0, and find
x 1 4

the other roots.

Properties of determinants

1 Swapping two columns of a determinant reverses its sign.

. r r )
Since Z s = ps—qr=— . P , and the cofactors of a;, a, and a; in
(25} bl (]
a b, | are2 x 2 determinants, swapping the second and third columns
a by oo
of the 3 x 3 determinant reverses its sign. Thus |a b ¢| = —|a ¢ b|.

A similar argument applies if you swap a different pair of columns.

G
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2 If two columns of a determinant, A, are identical, A = 0.
This follows immediately from Property 1, since swapping those two columns
multiplies A by —1 but without changing anything: A = —A = A =0.

3 Cyclic interchange of the columns of a determinant leaves the value of the
determinant unchanged.
Cyclic interchange of the letters p, g, r gives ¢, r, p or r, p, g; i.e. the same
letters, in the same order, but starting in a different place. The proof involves
applying Property 1 twice. For example

a b ¢ =—]a ¢ b|] (swapping the second and third columns)
= |b ¢ a| (swapping the first and third columns).

a b] (4]
Forthe matrixM = a, b, ¢ |,detM = a;A; + a, A, + a3As is the
a by o

expansion by the first column. Multiplying the elements of a column by the
cofactors of a different column is known as expanding by alien cofactors, as in
B, 4+ a4, B, + a3 B;, where the elements of the first column have been multiplied
by the cofactors of the second column.

4 The result of expanding a determinant by alien cofactors is zero.

a b ¢
Attaching the elements of the first column of M= | a, b, ¢ |, tothe
a b oo

cofactors of the second column gives a;B; + 4, B, 4+ a5 B;, which is the first

a, 4 G
column expansion of |4, a, ¢ |. By Property 2, this is zero, as two columns
a3 dz G

are identical. Again, similar arguments apply if you choose different alien
cofactors, or a different column.

6 The determinant of a 3 X 3 matrix is the volume scale factor of the
transformation represented by that matrix.
This property corresponds to the fact that a 2 x 2 determinant is the area
scale factor of the corresponding transformation. Activity 5.2 guides you
towards a proof. Strictly, you should talk about the signed scale factors.

6 The determinant of a product of 3 X 3 square matrices M and N is the product
of the determinants of M and N: det(MN) = detM x detN.

a; bl (5]
The transformation M with matrix M= | @ b, ¢ | maps the unit cube
as b3 C3
a b,
with edges i, j and k to the parallelepiped with edgesa= | a, |,b= [ b,
a3 bs
a
and ¢ = | ¢ | and (signed) volume detM. Transformation M followed by N,
G



EXAMPLE 5.2

as illustrated in figure 5.2, is equivalent to the single transformation NM with
matrix NM and volume scale factor det(NM). It follows that

det(NM) = detN X detM = detM x detN = det(MN).

Volume X detM Volume X detN

A M N TN N

\J

/

Figure 5.2

N

Volume X det(NM)

The sign of the determinant of a 3 x 3 matrix M shows whether the vectors
a, b and ¢ (in that order) form a left-handed or a right-handed set, as

illustrated in figure 5.3.

Vectors p, q, r (in
that order) are a
left-handed set.

Vectors i, j, k (in
that order) are a
right-handed set.

Vectors a, b, ¢ (in
that order) are a
right-handed set.

Figure 5.3
1 1 1
Factorise the determinant A= | x y z
2y 2
SOLUTION

(The obvious approach is to expand the determinant and then to factorise the

resulting expression, but this expression consists of six terms of the form yz° and

factorising this is not easy, so an alternative approach is used here.)

Determinant A may be thought of as a polynomial in x (or in y or in z as
appropriate).

If y takes the same value as x the first two columns are identical and then
A = 0. Therefore (x — y) is a factor of A by the factor theorem.

XMJBW € X € @ JO JUBUIWLISISP SYL
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Similarly (y — z) and (z — x) are also factors of A.

As cyclic interchange of x, y and z leaves both A and (x — y)(y — z)(z — x)
unchanged, while non-cyclic interchange reverses the signs of both expressions,
any further factors of A will be symmetrical in x, y and z. Since A is of degree 4
in x, y and z, the remaining factor is of degree 1, and so is of the form

k(x + y 4 z) where k is a constant. Considering the coefficient of x’y in the
expansions of A and in (x — y}(y — z)(z — x)k(x + y + z) shows that k = —1.
Therefore A = —(x — y)(y — 2)(z — x)(x + ¥y + 2).

(i) (a) Figure 5.4 illustrates a shear parallel to the y axis; the distance each
point moves is p times its x co-ordinate.

2 , 2
X

=X
Yy =px+y
L P '=z
P(x, y,2) P'(x',y', 2"
y /
X X
Figure 5.4
1 0 0
Show that E; = | p 1 0 | represents this transformation.
0 0 1
1 0 0 :
(b) MatrixE, = | 0 1 0 ] represents another shear. Describe this shear. :
qg 0 1 :

{e) Find E;, the matrix that represents the shear parallel to the z axis; the
distance each point moves is r times its y co-ordinate.

(25} bl (5]
{ii) The transformation with matrixM=(a b ¢)=| oo b, ¢ | maps
a b oo

the unit cube to the parallelepiped P with edges represented by vectors a, b

and c.
a b ¢ .
ta) Show thatwithp= —Z andg= -2 EEM= [ 0 b, ¢, |where :
(25} a ’ ! .
0 by o
b/zzbZ_&bla C/2=C2—2C1, b’3=b3—&b1, C/3=Cs—&C1,
a, a, a, a;
assuming a; # 0.
b a b q
{b) Show that with r = —b—f, EEEM= [ 0 b, ¢, | where
, 2 0 0 «c}

"o 3 0 . i
€3 = €3 = ¢ assuming b, # 0.

2



{c) Explain why parallelepiped P, with sides a, b and ¢ has the same volume

a b, a
as the parallelepiped P’ with sides [ 0 |, | &} | and | ¢}
0 0 cy

(iii) Parallelepiped P’ is illustrated in figure 5.5. Assuming that a,, b, and ¢ are

positive, deduce that the shaded area is a, 4, and that the volume of P’ is
a bl

oy 3

KNWWWWW-\
¢ The shaded parallelogram 3
\‘\ is in the plane z = (.

it it

Figure 5.5

(iv) Show that a; b/ZC?/)/ = da; b2C3 + ﬂzb:),cl + ﬂ3b1 G — ﬂ3b2C1 — b3C2 — ﬂzbl C3, the
same expression as given on page 85 for the value of detM.

(If @, = 0 you may use similar methods to change b, or ¢, to 0 instead of a,
a bl (5]

in stage (ii)(a), and then proceed as before. If b, = 0, LEEM = | 0 0 c'2 ,

0 b, c

and stage (ii) (b) may be omitted. In both cases the volume can still be calculated, :

much as before.)

1 Explain how you can tell by inspection that the following are true.

M |3 2 3
5 1 5(=0
2 3 2
(i) |4 -3 2 4 2 -3
2 0 -3|=-2 -3 0
7 4 5 7 5 4
)| 2 5 -7 5 -7 2
2 0|=12 0 3
-1 4 3 4 3 -1

{iv) (x — 3) is a factor of | «x 3x 3
x4 2 8 2x—1
11 5—-x x*+2

a6 os1919x3
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(i) Provethat|ka b c|=kla b c|, where kis constant.
(i) Explain in terms of volumes why multiplying all the elements in the first

column by constant k multiplies the value of the determinant by k.
(iii). What happens if you multiply another column by k?

1 2 3
Given that |6 4 5| = 43, use the property developed in Question 2 to
7 5 1
evaluate the following without expanding the determinants.
@ [10 2 3 Gi) | 4 10 -21 Gi) | £t Lo12y
60 4 5 24 20 =35 4 o
70 5 1 28 25 -7 o 5 Wy
7L 4y

(i Provethatla+kb b ¢|=]a b c|, where kis constant.

(i) Interpret this geometrically in terms of volumes.

{iii) Prove that the value of a determinant is unchanged when you add any
multiple of one column to any other column.

Use the property developed in Question 4 to evaluate the following.

G (21 2 3 i) |19 14 20 iii) |25 17 51
46 4 5 23 27 25 38 33 78
57 5 1 15 26 17 25 32 52
In a Fibonacci sequence the third and subsequent terms satisfy
Uryy = Uy + U,. Show that if u;, u,, 15, . . . is a Fibonacci sequence then
U W i
U, us ug| =0.
U; Uy Uy

In this question A;, A;, etc. represent (as usual) the cofactors of a;, a,, etc.

(i) By considering expanding [b b | by its first column show that
biA + bA + b A = 0.

(i) Prove that ,C, + a,C, + a;C; = 0.

(iii) Write down four other similar expressions which also evaluate to 0.

(Multiplying a column of detM by cofactors belonging to a different
column, and then adding, is known as expanding by alien cofactors. The
result is always zero.)

You will need to use the results of Question 7 in this question.
(i} By multiplying out and simplifying

Al A2 A3 23] bl (5] a; bl (5]
B, B, B; a b, o | findtheinverseof | @ b, o
G G G a by a b o

(i) Will this method always produce the inverse of a 3 X 3 matrix?



9 Prove that the area of the triangle with vertices at (x, y), (32, y2), (x3, ¥3) is

x »n 1 x y 1
+1|x% y 1]and interpret the equation |x; y 1|=0.
X3 y3 1 X }/2 1
x+1 4 4
10 Explainwhy| 5 x+2 7 | = 0 can be described as a cubic equation.
2 2 x—3

Show that x = 3 is one root, and find the other two roots.

a b ¢ 1 b ¢
11 Provethat (¢ a b|=(a+b+c)|1 a b|andhence deduce that:
b ¢ a 1 ¢ a

@+V 4+ —3abc=(a+b+c)(a*+ b+ — bc— ca— ab).

12 Factorise these determinants.
|1 a b i) | 1 1 1 iii) | 1 1 1 ivi | x y z

The inverse of a 3 x 3 matrix

1 b ca X y oz £ oy 7 £ oy 2
1 ¢ ab x y2 Z vz zx Xy vz zx Xy
1 1 1
13 Show that x, (x — 1), (x+ 1) are factors of A = |1 x x’| and factorise
A completely. 1 %«
a b q
TakingM = | a, b, ¢ |,asusual, and detM = A # 0, use the properties of
a by

Al AZ A3 a) bl (] A 0 0
determinants to show that { By B, B & b o]l=10 A 0
C] C2 C3 as b3 C3 0 0 A

Al A2 A3 23] bl 1 1 0 0
This result means that B, B, B; a b o]l=101 0
detM Cl C2 C3 das b3 C3 0 0 1
A A A
The matrix | By B, B; | is known as the adjugate (or adjoint) of M,
Cl C2 C3

denoted by adjM. Note that adjM is formed by replacing each element of M by
its cofactor, and then transposing, i.e. changing rows into columns and columns
into rows.

Al A A

B, B, B; | isthe left-inverse of M
detM c G G

Strictly speaking, the matrix L =

because LM = L.

a6 os1919x3
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EXAMPLE 5.3

But if R is a right-inverse (i.e. MR = 1)
IM=1 = (LMR=IR=R = LMR)=R = LI=R = L=R
so any left-inverse of a matrix is also a right-inverse, and vice versa.

If L and L' are two left-inverses of M, then L is also a right-inverse, and

I'M=1 = (IML=IL=L = LI'ML)=L = LI=L = L =L
So the inverse of M (if it exists) is unique and it is justified to call L the inverse
of M, usually denoted by M™", where

A A A
B B By |, A#£0.

M-! 1 M — 1

When you transpose a matrix A you form a new matrix, denoted by AT, which
has the same elements as A except that they are arranged so that the element in
the rth row and cth column of A becomes the element in the cth row and rth
column of A”. This means that the first row of A becomes the first column of
A’ and so on.

(i) Let A be an m x n matrix and B be #n x p. Taking the rth row of A to be

a
G .
(n n r5 ... r, and the cth column of Btobe | . |, write down

Cn
the element in the rth row and cth column of AB. Show that this is the same
as the element in the cth row and rth column of BTAT. Hence show that
(AB)T = BTAT. (Notice that it is not necessary for A and B to be square
matrices. )
(i) By putting A = M and B = M""', where M is a square matrix with
detM # 0, use the fact that IF=1Ito prove that M H = H~.

Use the fact that det(NM) = detN x detM to prove that if detM = 0 matrix M
does not have an inverse. (Such matrices are described as singular.)

2 3 4
Find the inverse of the matrix M = 2 -5 2
-3 6 -3

SOLUTION

1 Evaluate the three cofactors of the elements of any one column and hence
find the determinant. In this example the first column is used.

-5 2
Al—’ . _3‘_15—12_3.
3 4
Az——‘6 _3‘_—(—9—24)_33.



3 4

A3:‘—5 2

’=6—(—20) = 26.

A=2A+2A, —3A; =2x3+4+2x33—-3x%x26=—6.
Since A # 0, M~ exists.

B,

G

2 Evaluate the remaining cofactors.
P
By=—| ;’:—(4—8)=4.
G=-|_; 2‘ = (12— (-9) = —21. G

2
2

3
=5

Evaluate A by other expansions to check your arithmetic.

3 =—6—(—12)=6.
6’:12—15:—3.
’:—10—6:—16.

A=3B —5B,+6B,=3x0—-5X6+6x4=—6.
A=4C +2C —3C, =4 % (=3)+2x (=21) =3 x (—16) = —6.

Form the matrix of cofactors, transpose it

1
d multiply by —.
and multiply yA \ \
N 30

1 -3\
M'=—|[33 6 -21
—6\26 4 —16
1 3 33 26
=— 0 6 4
—6\-3 21 -16
-3 =33 =26
=—| 0o —6 -4
3 21 16
1
2
The final matrix may be written as 0

0=

—
—

[ AN N|

—
[

woo W w|

The adjugate method illustrated in Example 5.3 is a reasonable way of finding

the inverse of a 3 x 3 matrix, though it is important to check your arithmetic as

it is very easy to make mistakes. But for larger matrices a routine known as the

row operations method is used, as it requires far fewer arithmetic steps. For

example, it takes about 10° steps to invert a 10 x 10 matrix by the adjugate

method, but only about 3000 steps by row operations. The row operations

method is easy to program for a computer — another major advantage — though

care must be exercised to avoid rounding errors, and problems do occur when

the determinant is close to zero.
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Matrices

Row properties
You have already seen that if detM = A # 0, M™! exists and is equal to iade.

Therefore MadjM = AI, which may be rewritten as

a; bl (5] Al A2 A3 A 0 0
a, bz G B 1 B2 B3 = 0 A 0
as b3 C3 Cl C2 C3 0 0 A

Inspecting the top left-hand element of the product you have

aiA; + b By + ¢,C; = A. But a1A; + by By + ¢, C is the expansion by the first
column of det(MT). This means that det(MT) = detM, and it follows that a
determinant may be evaluated by expanding by rows as well as by expanding by
columns. There are row properties corresponding to all the column properties
established earlier.

Some calculators handle matrices. Find out how to use such a calculator to find
the determinant and inverse of 3 X 3 matrices.

1 By finding the adjugate matrix find the inverses of the following, where

possible.

(i} 1 2 4 i) /3 2 6
2 4 5 5 3 11
01 2 7 4 16

(i) 5 5 =5 (iv) 6 5 6
-9 3 =5 -5 2 —4
-4 —6 8 -4 -6 -5

1 2 2
2 GivenM= {3 2 3] find:
4 1 1

i adM (iiy M(adjM) (i} (adjM)M
{iv) detM (v) det(adjM) (vi) adj(adjM).
Comment on the answer to part (vi).
4 -5 3 4x —5y+3z=73
3 Find the inverse of | 3 3 —4 | and hence solve { 3x + 3y — 4z = 48
5 4 -6 5x 44y —6z=74.
6 2 -3
a4 GivenA= |2 3 6 | evaluate AAT and hence, without doing further

3-—-6 2
calculations, write down:
i A7 (i) detA Giii) ATA.



-2 1 0 2 -1 =2
Given P = 3 2 5]andQ=] -1 2 2 | evaluate:
1 2 2 3 3

i) PQ and det(PQ)

{ii) QP and det(QP)

(i) detP

{iv) detQ.

Verify that det(PQ) = det(QP) = (detP) x (detQ).

Given that the following matrices are singular find the values of x.

(i 5 0 3 (i) 4 6 -1
2 x O -1 2 -3
3 4 5 5 x 15
(ifi) / 6 7 -1 {iv) 1—x 1 -2
3 X 5 -1 2—x 1
9 11 X 0 1 —1—x

In this question M and N are square matrices of the same order.

(i) Prove that if M and N are non-singular, then MN is non-singular.

(i) By considering (MN)(N~'M™"), prove that if MN is non-singular then:
(ad MN)"' =N"'M!
{b} adj(MN) = (adjN)(adjM).

The non-singular matrix M has the property that MM™ = M'M. Prove that:
M MM'=M'M
i) N=M"'M' = NN' =1

a 0 b e 0 —-b
LetP=|0 ¢ 0]andQ={| 0 f 0O

d 0 e —d 0 a
{i) Find PQ.

(i) Given that PQ is a non-zero multiple of the identity matrix, express f in
terms of a, b, ¢, d and e, and state any necessary conditions on a, b, ¢, d
and e.

(i) Find P™', assuming that the conditions you stated in part (i) are satisfied.

3 0 8
M={0 2 0| andNisa3 x 3 matrix with inverse
1 0 4
1 -2 3
3 ko
2 4 k
{iv) Find (M
x 0
{v) Given that MN{ y | = | 2k |, express x, y and z in terms of k.
z 0 [MEI]
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Prove that if M is a non-singular 3 x 3 matrix then:

i M(adjM) = (detM)I

(i) det(adjM) = (detM)’

(i) adj(adjM) = (detM)M.

Do these results hold if M is singular? Justify your answer.
1 p q

Prove that every matrix of the form | 0 1 r | is non-singular, and that
0 0 1

the inverse of such a matrix is of the same form.

A square matrix M is known as orthogonal if M'M = L. Prove that
orthogonal matrices have the following properties.
(i The vectors forming the columns of an orthogonal matrix:
{a) have magnitude 1
{b) are mutually perpendicular. (‘Orthogonal’ means ‘perpendicular’.)
(i) The determinant of an orthogonal matrix is 1.
(i) Transformations represented by orthogonal matrices are isometric: i.e.
they preserve length.
Hints:
1 Let M map P to P’ where p’ = Mp.
2 Use|q —p'=(q —p)'(q —p') to show that (P'Q)” = (PQ)’.

Matrices and simultaneous equations

In AS Further Pure Mathematics (FP1) you saw how solving simultaneous

equations such as {

|

both of which throw light on the subject.

ax+cy=ce

bx+dy=f

;) = <;>, where M = <Z 2) , leading to two different interpretations,

may be regarded as solving the matrix equation

In Interpretation A, the original two equations are regarded as the equations of

two lines in a plane. There are three possible situations.

M

(ii)

The two lines intersect at a single point, corresponding to the equations
having a unique solution.

The two lines are distinct, parallel lines that do not meet, in which case the
equations are described as inconsistent.

{iii) The two lines are coincident, with all their points in common,

corresponding to the two equations having infinitely many solutions that
may all be expressed in terms of a single parameter.



In Interpretation B you are dealing with a transformation of the plane, with

matrix M. You are seeking the co-ordinates of P, knowing that it is mapped to

P’ with co-ordinates (e, f). Again there are three possibilities. If detM # 0, the

situation is as described in (i) below, otherwise it is as in (ii) or (ii).

(i) 1f detM # 0, then M is non-singular, M~ exists, and there is a unique
position for P, and a unique solution to the equations.

If detM = 0, then M is singular and M~' does not exist: in this case the whole of

the plane is mapped onto a single line ¢ (through the origin) and P’ is or is not

on /.

(i) If P’ is not on line £ then P’ is not the image of any point in the plane, and
the equations have no solution: the equations are inconsistent.

iii) If P’ is on line £ then P’ is the image of a whole line of points, so there are
infinitely many solutions, which may all be expressed in terms of a single
parameter.

It was assumed throughout Interpretation B that M # O, the zero matrix, as that
leads to a trivial and obvious situation: all points of the plane are mapped to the
origin, and there is no solution if P’ is not at the origin; if P’ is at the origin, P may
be anywhere on the plane, meaning that x and y may take any values.

Similarly the three simultaneous equations in three variables

ax+by+az=d
wx+by+az=4d
BxX+ by +cz=4ds

X d,
are equivalent to the matrix equation M| y | = { 4, |, where
z ds
a b oq
M={a b o
a b oo

The three equations may be regarded as the equations of three planes in three-
dimensional space. There are seven possible configurations.

(i} If det M £ 0, M is non-singular, M~ exists, and the
equations have a unique solution. This corresponds
to the three planes having a single common point,

figure 5.6.

Figure 5.6

If det M = 0, M is singular and M~! does not exist: in this case either the
equations are inconsistent and have no solutions, see {ii) below; or the equations
have infinitely many solutions, see (iii) below.

(i) The equations being inconsistent and having no solutions corresponds to
the three planes having no common point. When this happens

96 9s1049x3
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Giii)

{a) the three planes form a triangular prism,
figure 5.7;

or

7

Figure 5.7

{b) two planes are parallel and distinct, and
crossed by the third plane, figure 5.8;

or

Y

Figure 5.8

{¢) two planes are coincident and the third plane
is parallel but distinct, figure 5.9;

or

W

Figure 5.9

{(d) all three planes are parallel and distinct,
figure 5.10.

WY

Figure 5.10

The equations having infinitely many solutions corresponds to the three

planes having infinitely many common points. When this happens

either

{a) the three planes have a line of common
points: this arrangement is known as a sheaf
or pencil of planes, figure 5.11; the solutions

4

are given in terms of a single parameter;

Figure 5.11
or

(b) the three planes all coincide, figure 5.12: the
solutions are given in terms of two parameters.

O

Figure 5.12



EXAMPLE 5.4

Again the trivial situation where M consists entirely of zeros has been ignored.
Figure 5.13 summarises the decisions that need to be made.

n equations
in n unknowns

No Yes

M non-singular M singular

unique solution

equations
consistent?

infinitely many

no solution )
solutions

Figure 5.13

X+3y—22=7 A
Investigate the solution of the equations ¢ 2x—2y+2z=3 B
3x+y—z=k C

(i) when k=10 (ii) when k = 12.

SOLUTION

Start by eliminating one variable (z) to obtain two equations in x, y.

A—-2C —Sx+y=7-2k = 5Sx—y=-7+2k
B+C 5x—y=3+k

Now 5x — y can only equal —7 4 2k and 3 + k if

—74+2k=3+k%
& k=10.
(i) When k = 10, equations A — 2C and B + C both reduce to 5x — y = 13, so
you can only solve for x and y (and later z) in terms of a parameter.
If x =4, y =54 — 13 and from equation C you get:

z=31+51—-13—-10=84—23.

There is a line of solution points, which can be given in terms of a single
parameter: (1, 54 — 13, 84 — 23). The three planes are arranged as a sheaf.

suonenbs snosuejnuis pue sesueN
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(i) When k = 12, equations A — 2C and B + C are inconsistent as 5x — y
cannot be both 17 and 15.
Equations A and B are the same as in (i), so the corresponding planes have
not changed. In equation C the value of k has changed from 10 to 12,
causing a translation of the plane.

The original equations are inconsistent. The corresponding planes form a
triangular prism.

ALTERNATIVE APPROACHES

1 3 =2
A calculator tells you that |2 —2 1| = 0, so you know that there is not
3 1 -1

a unique solution, but either no solutions or many solutions.

The normals corresponding to the equations A, B, C are clearly not parallel, so
the three planes are not parallel (or identical): you can only be dealing with a
sheaf of planes or a triangular prism.

Examination of the equations shows that C = A + B when k = 10, so that the
equations are not inconsistent in (i) and you then have a sheaf of planes, their
common line being the line of solution points. (If you want to find expressions
for these points you can use algebraic methods, as in the first solution.)

As before, changing the value of k translates the plane represented by C, but
does not affect the other two planes so in {ii) the three planes form a triangular
prism and the equations are inconsistent.

In Questions 1-10 decide whether the equations are consistent or inconsistent. If
they are consistent, solve them, in terms of a parameter if necessary. In each
question also describe the configuration of the corresponding lines or planes.

1 5x4 3y =31 2 3x+9y=12
4x+2y =25 2x+6y =15

3 6x+3y=12 4 6x—3y=11
2x+y=4 y=2x—4

5 x+y+z=4 6 2x—y=1 7 x+2y+4z=7
2x 43y —4z=3 3x+2z=13 3x+2y+5z=21
5x+8y —13z =28 3y+4z=23 dx+y+2z=14

8 3x+2y+z=2 9 2x+y—z=5 10 5x+3y—2z=06
Sx+3y—4z=1 8x+4y —4z=20 6x+ 2y +3z=11
x+y+4z=>5 —2x—y+z=-5 7x+y+38z=12

6x+3y=9
kx+8y=6
have a unique solution. In both cases find the solution set for the equations.

11 Find the two values of k for which the equations { do not have



12

13

14

15

16

Given that detM = 0, where M is a 2 X 2 matrix, explain why M < ;) = <‘Z )

has infinitely many solutions if both p and g are zero.

What happens if p and g are not both zero?

1 3 =2 x -2
Solve the equation | —3 1 L || ¥ |=| 6 ] ineachofthetwo cases
-3 11 -4 z k
i k=3
i) k=6,

giving x, y and z in terms of a parameter A if appropriate. In both cases interpret
your solution geometrically with reference to three appropriate planes.

Aisa3 x 3 matrix and d is a 3 X 1 column vector. Show that all solutions
of the equation

Ar=d @
can be expressed in the form r = p + k, where p is any particular solution of

@ and k is any solution of the related equation Ar = 0. Does it matter if A
is singular or non-singular?

(If you are studying Differential Equations compare what you have just done
with the method of solving certain differential equations by using a
particular integral and a complementary function.)

3x+2y=4
Show that the equations < 2x — 3y = 7 are inconsistent unless k takes one
5x—4y =k

particular value. What is that value?

You are given the matrix

3 1 -3
M=14 -2 1
5 =3 2
(i) Show that detM = 0.
x 2
(i) Solve the equation M| ¥ | = | 6 | in each of the two cases
z k
@ k=3
by k=38,

giving x, y and z in terms of a parameter ¢ if appropriate.

In each case interpret your solution geometrically with reference to the
three planes

3x+y—3z=2
4x—2y+2z=06
5x—3y+2z=k
[MEI]
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2 x 2 matrices

In a reflection, every point on the mirror line maps to itself. The line may be

described as a line of invariant points, since every point on the line is itself
invariant.

A line of invariant points is a special case of an invariant line, where the image

of every point on the line is itself on the line but is not necessarily the original
point.

As an example, think of the lines through the origin in an enlargement, scale

factor 2, centre the origin. Each point on the line in figure 5.14 maps to another

point on the line, but the origin maps to itself.

YA

:
s
P

E
=Y

Figure 5.14

This idea is now developed in terms of matrices, but only for lines which pass
through the origin.

As an example look at the effect of the transformation with matrix

4 2\ . 4 2\ /1 6 .
M= <1 3>. Since <1 3> <1> = <4> the transformation defined by

pre-multiplying position vectors by matrix M maps the vector < } > to <6>

4
Similarly the image of < i) is <2]]z> . Each point on the line y = x can be

represented by the position vector of the form < k) and the points with

position vectors <Z£> form the line y = 2 x. This means that under the

transformation represented by the matrix M the image of the line y = x is the

. 2 Qi . 4 2\(1\ [8 . .
line y = £ x. Similarly since <1 31, )=1> the image of the line

y = 2x is the line y = £ x.



(i}

(i

Find the images of the following position vectors under the transformation

. 4 2
given by M = <1 3>.

@ (L) (%) @(?) @(7}) @(7}) w(2
#\o 1) 2) 1
Use your answers to part (i) to find the equations of the images of the
following lines.

@ y=0 b) y=7x @ x=0
d) y=—2x le) y=—x H y=—1ix

The information you have just gathered may be represented as in figure 5.15,

where the object lines and their images are shown in separate diagrams.

M

YA /\ yA

1 _ 1
y =% y =%

£
=Y

Figure 5.15

However you can show all the information on one diagram, as in figure 5.16,

where (parts of ) the object lines are shown at the centre of the diagram, and

(parts of ) their image lines are shown in the outer section of the diagram.

Figure 5.16
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The shaded part of the diagram is not directly relevant but shows lines
connecting each object line to its image. You will notice that there are two
invariant lines, y = 2 x and y = —x, which map to themselves under this
transformation. The other lines appear to crowd towards y = 5 x, moving away
from y = —x. This diagram prompts several questions.

Are there other invariant lines?
Why does y = 4 x attract and y = —x repel?
Do all transformations behave like this?

How can such lines be found efficiently?

Terminology
To answer these questions you need suitable terminology.

If s is a non-zero vector such that Ms = s, where M is a matrix and 1 is a
scalar, then s is called an eigenvector of M. The scalar A is known as an
eigenvalue.

mesesiee (13)(7) = (%) =+()
o (3)(0)=(03) ()

(f) and < _} ) are eigenvectors of the matrix M = (411 g) The

corresponding eigenvalues are 5 and 2 respectively. It will become evident later
that these are the only two eigenvalues.

Properties of eigenvectors
Notice the following properties of eigenvectors.
1 All non-zero scalar multiples of <?> and < _i ) are also eigenvectors of

M, with (respectively) the same eigenvalues.

2 Under the transformation the eigenvector is enlarged by a scale factor equal to
its eigenvalue.

3 The direction of an eigenvector is unchanged by the transformation.
(If the eigenvalue is negative the sense of the eigenvector will be reversed.)

When finding eigenvectors you need to solve the equation Ms = As. Now:

Ms = s
= Ms—As=0
= Ms —AIs=10

I is the identity matrix;
it is superfluous in this line.



EXAMPLE 5.5

Clearly s = 0 is a solution, but you are seeking a non-zero solution for s.

For non-zero solutions you require det(M — AI} = 0. The equation

det(M — AI) = 0 is known as the characteristic equation of M. The left-hand side
of the characteristic equation is a polynomial in A; this polynomial is known as
the characteristic polynomial.

(The German word for ‘characteristic’ is eigen: eigenvectors are also known as
characteristic vectors; eigenvalues are also known as characteristic values.)

Finding eigenvectors

The following are the steps for finding eigenvectors, illustrated in the next
example.

1 Form the characteristic equation: det(M — AI) = 0.
2 Solve the characteristic equation to find the eigenvalues, A.

3 For each eigenvalue A find a corresponding eigenvector s by solving
(M- AI)s=0.

Find the eigenvectors of the matrix M = <41l i) .

SOLUTION

1 Form the characteristic equation, det(M — AI) = 0.

(1) D=5
4—4 2
1 3-24
S @4-NB-1)—-2=0
o A —7i4+10=0.

so that detM — AI) = 0 & ’ ’ =0

2 Solve the characteristic equation to find the eigenvalues, 1.
P—7i+10=0 & (1-2)(A—-5=0
& A=2orb5.

3 For each eigenvalue 4 find a corresponding eigenvector s by solving
(M — A)s = 0.
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When Ai=2:(M—-/il)s=0 & <f f)(;)=<g),wheres:<;)

& x4+y=0 This tells you that if y'is any
number, & say, then x is —k.

-1 2 x
When =5 (M-U)s=0 & < ] _2><y>_

& —x+2y=0 If y is any number,
k say, then x is 2k.
o oo (R (2
TNk )T\ )

. -1 2
Thus the eigenvectors are ( ] > and ( ] ) or any non-zero scalar
multiples of these vectors.

. . . -1 2
Expressing vectors in terms of the eigenvectors s, = 1 and s, = |

explains why the line y =  x attracts and the line y = —x repels under the

4 2 .
1 3 ) Since s, and s, are non-zero and

non-parallel you can express any position vector p as as; + fis,. Then:
Mp = M(as; + fis2)
= oaMs; + Ms,
= 2as; + 5P,

showing that the image of p is attracted towards the eigenvector with the

transformation with matrix M = (

numerically larger eigenvalue.

Express three vectors in terms of s; and s,. Illustrate the above property by
drawing an accurate diagram showing your vectors, s, s, and their images

under the transformation given by M = (411 i)

3 x 3 matrices

The definitions of eigenvalue and eigenvector apply to all square matrices. The
characteristic equation of matrix M is det(M — 2I) = 0. When M isa 2 x 2
matrix the characteristic equation is quadratic, and may or may not have

real roots. When M is a 3 x 3 matrix of real elements the characteristic equation
is cubic, with real coefficients; this must have at least one real root. This proves
that every real 3 x 3 matrix has at least one real eigenvector, and so every linear
transformation of three-dimensional space has at least one invariant line. You
use the same procedure as before for finding the eigenvalues and eigenvectors of
a 3 x 3 matrix, though the work will generally be lengthy.



EXAMPLE 5.6

311
Find the eigenvectors of the matrix M= | 1 3 1
1 1 3

SOLUTION
301 1 10 0 3-1 1 1
M—JI=|13 1]-4l0o10)=( 1 3-2 1 |
113 0 0 1 1 13-
3-2 1 1
detM—-I)=| 1 3-2 1
1 1 3-1

=B-AB-HB-H-D-((B-H-D+1-(38-2)
=—(2’ = 92% + 24 — 20)
=—(A-5012 -2

sothat detM — A1) =0 < A =5 or 2 (repeated root).

-2 1 1 x 0
When 1 =5 M—-)s =0 < 1 -2 1 y|l=10
1 1 -2/ \z 0
2x+y+z=0
& x—2y+z=0, & x=y=z=ksay,
x+y—2z=0
k 1
sothats= | k | = k| 1 | is an eigenvector, with eigenvalue 5.
k
When 4 = 2, a repeated root:
1 1 1 x 0
M-)s=0 < (1 1 1 y]=1]0
1 1 z 0

< x+y+z=0

i.e. any vector in the plane x 4+ y + z = 0 is an eigenvector, with eigenvalue 2.

p
A general vector in that plane is s = q
—P—q
1 p
Thus the eigenvectors are k| 1 | and q where p and ¢q are not both
1 —P—q

ZETr0.

The ideas above also apply to larger square matrices, but if M is n X n, its
characteristic equation is of degree n, and solving polynomial equations of
higher degree is generally not straightforward — Evariste Galois (1811-32)
proved that there is no general formula for solving polynomial equations of
degree 5 or higher. In practice eigenvalues are not usually found by solving
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characteristic equations! Numerical methods will usually be applied to matrices,

using a computer, with consequent problems caused by approximation and

rounding errors.

The 3 x 3 matrix M has three eigenvalues 4, 4,, 43, the roots of the polynomial
equation det(M — AI) = 0.

M

(i)

Imagine factorising the polynomial det(M — AI) into linear factors, and
hence show that the product of the three eigenvalues is detM.

By considering the coefficient of the term in A* in the polynomial

det(M — AI) show that the sum of the three eigenvalues is the sum of the
elements on the leading diagonal of M. This sum is known as the trace of
matrix M, tr(M).

These properties also hold for n x n matrices.

1

Find the eigenvalues and corresponding eigenvectors of these 2 X 2 matrices
and check that the sum of the eigenvalues is the trace of the matrix.

W (5 3 (i) 7 2 i) /1 2
2 4 ~12 -4 11
v (1 —1 v (1.1 —04 wi) (p 0
<1 3) (0.2 0.2) <0 q)’p#q

Find the eigenvalues and corresponding eigenvectors of these 3 x 3 matrices
and check that the sum of the eigenvalues is the trace of the matrix.

n 3 0 0 (i) 1 1 2 (i) 1 1 2
0 2 1 4 2 -3 5 =2 1
0 0 -1 4 2 3 1 1 2
{iv) 01 —4 v /0 0 2 {vi) 1 -3 -3
—-10 7 =20 0 3 0 -8 6 -3
-2 1 =2 2 00 8 -2 7

Matrix M is 2 x 2. Find the real eigenvalues of M and the corresponding
eigenvectors when M represents

(i reflection in y = xtan 0

{ii) a rotation through angle 8 about the origin.

Vector s is an eigenvector of matrix A, with eigenvalue o, and also an
eigenvector of matrix B, with eigenvalue f. Prove that s is an eigenvector of
(i) A+B (i) AB

and find the corresponding eigenvalues.
[Hint: s is an eigenvector of M < Ms = 1s, s #0.]
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10

Matrix M has eigenvalue 1 with corresponding eigenvector s; k is a non-zero
scalar. Prove that the matrix kM has eigenvalue k1 and that s is a
corresponding eigenvector.

)

) 7 4 —4 3

(i) Showthatr = 0 | isaneigenvector of A = 4 1 8 %
1 —4 8 1 a

and determine the corresponding eigenvalue.

{ii) State two other eigenvectors of A which, together with r, give three
mutually perpendicular eigenvectors and state the corresponding
eigenvalues.

{iii), What is the value of detA?

[0&C]

Matrix M is n x n. For n = 2 and for n = 3 prove that if the sum of the

elements in each row of M is 1 then 1 is an eigenvalue of M.

(This property holds for all values of #.)

Show that if 1 is an eigenvalue of the square matrix M and the
corresponding eigenvector is s, then:

A% is an eigenvalue of M*

A* is an eigenvalue of M’

A" is an eigenvalue of M"

and even: A" is an eigenvalue of M~

Show further that s is the corresponding eigenvector in all cases.

4 1 3 2 2
For (i) Mz(2 1) i) M= 1 4 1
-2 —4 -1

find the eigenvalues of: a} M (b) M* () M° (o) M ..

The 2 x 2 matrix M has real eigenvalues A1, 4, and associated eigenvectors
$1» S3, where |[;|>]4,|. By expressing any vector v in terms of s; and s;,
describe the behaviour of M"v as n increases when

M |4 <1 i) |4 =1 Gii) |4, > 1.
Given M = —MT, where M is a 3 x 3 matrix, prove that
det(M — kI) = —det(M + kD).

Deduce that if 1 is a non-zero eigenvalue of M then —A4 is also an eigenvalue
of M.
(Such matrices are called skew-symmetric.)
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11 The self-drive camper-van hire firm DIY has depots at Calgary and

Vancouver. The hire period commences on Saturday afternoon, and all vans
are returned (to either depot) the following Saturday morning. Each week:

e all DIY’s vans are hired out
o of the vans hired in Calgary, 50% are returned there, 50% to Vancouver
e of the vans hired in Vancouver, 70% are returned there, 30% to Calgary.

(il One Saturday the Calgary depot has ¢ vans and the Vancouver depot
has v vans. Form matrix M so that the product M( i) gives the

number of vans in each depot the following Saturday.

(i) At the start of the season each depot has 100 vans. Use matrix
multiplication to find out how many vans will be at each depot two
weeks later.

i) Solve the equation Mx = x where x = (;) and explain the connection

with eigenvalues.
{ivi How many vans should DIY stock at Calgary and Vancouver if they
want the number of vans available at those depots to remain constant?

(The process described above is an example of a Markov process. The
matrix governing it is a transition or stochastic matrix. Each column of the
transition matrix consists of non-negative elements with a sum of 1.)

A When used in statistics an alternative notation is often used in which a

state is represented by a row vector and is post-multiplied by the
transition matrix. In that convention the transition matrix is transposed.

12 At time ¢, the rabbit and wolf populations (r and w respectively) on a

certain island are described by the differential equations:

% =5r—3w

t @
d_w =r+w
dt

Throughout this question p represents ( ;}) and M represents <£13 _? ) .

(i} Show that the differential equations may be written as:
dp _
1 = Mp- )

(i) Show that if p = p,(¢) and p = p,(¢) satisfy @ then
p = ap,(t) + bp,(#) also satisties @, where a and b are constants.
(i) Show that if p = ¢*'k satisfies @, where k is constant, then Mk = Ak.
{iv) Find the eigenvalues and eigenvectors of M and hence solve D given
that there are 1000 rabbits and 50 wolves at t = 0.



13 The number k is (numerically) the largest of the eigenvalues of 3 x 3 matrix
M, and s is a corresponding eigenvector; Vv, is an arbitrary vector, and
v, = M"v, has components x,, y, and z,.

(i) Explain why, as » increases, v, generally converges on a multiple of s

and identify the occasions when this does not happen.

n yﬂ Zﬂ

. X
{ii) 'What do you expect to notice about ) and
Xp—1  Yn—1 Zn—1

b
3z
3
2
2
b

as n increases?

Evaluating powers of square matrices

Pre-multiplying position vector r by a matrix M gives r’, the position

vector of R', the image of R under the transformation represented by M. If you
apply the same transformation to R’ you get R”, with position vector

r” = M(Mr) = M’r. Higher powers of M arise if you continue to apply the
same transformation. In this section you will learn to use eigenvalues and

eigenvectors to evaluate powers of matrices.
4 2 -1 -2 -1
Thetwostatements(1 3>< 1>—< 2>—2< 1)
d 4 2\ (2) _(10)_.(2 :
an 1 3 1) = 5 = 1 The eigenvalues :ng

eigenvectors of ( 1 3)

can be combined into the single statement:

GG D= DE )

which you may write as MS = SA

4 2 -1 2 2 0
whereM-(1 3>,S—< 1 1>andA—<0 5).

A is the Greek capital letter lambda.

were found on page 107.

In just the same way if any 2 x 2 matrix has eigenvectors s, s,, corresponding to
eigenvalues A1, 4, then Ms; = 1;s; and Ms, = 4,8, so that MS = SA, where
S=(s; s,),the 2 x 2 matrix which has the eigenvectors as columns, and

A= (/1)1 f > , @ matrix with the corresponding eigenvalues on the leading
2

diagonal and zeros elsewhere.

If S is non-singular, S~' exists, and pre-multiplying MS = SA by S§~' gives
$™'MS = A; you then say that M has been reduced to diagonal form or that M
has been diagonalised.

Although there are square matrices which cannot be reduced to diagonal form,
being able to reduce M to diagonal form A helps if you want to raise M to a
power. Post-multiplying MS = SA by S™' gives M = SAS™"

3G 9s1949%g
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EXAMPLE 5.7

sothat ~ M*' = (SAS™')(SAS™')(SAS™")(SAS™")
=SA(ST'S)A(ST'S)A(ST'S)AS™!
=SA*s™".

This simplification makes extensive use of the
associate property of matrix multiplication
together with properties of inverse identities.

Similarly: M" = SA"S™!, which can be proved formally by induction.

Since A = A0 VA" = A 0,1 and you can evaluate M" readily, doing
0 A 0 A

only two matrix multiplications whatever the value of 7.

Find M" where M = <411 g)

SOLUTION

—1 2 . . .
You have already seen that < 1 ) and ( | ) are eigenvectors, with eigenvalues

2 and 5 respectively, so take § = <_i ?) and A = (g g)

You could use any non-zero

multiples of (_:), (i)
Then §7' = ( ) and A" = <20 F?") but these are the simplest.

n ng—1 -1 2 2" 0 B %
Therefore M” = SA"S™" = . |
1 1/\o0o 5 1

1{2x5"+2" 2x5"— "
’ Sn_zn 5n+2n+1

W= W=
W= wlr

W= W[
SN—

3

Again the work with 3 x 3 and other square matrices follows the same pattern,
though the calculations are more complicated.

The Cayley-Hamilton theorem

You have already seen that the characteristic equation for the matrix

4—A 2

4 2.
M—< >1sdet(M—iI)—O = ‘ L 3-a

13 ‘:0

& (@-NB-1)-2=0
s 10-714+ 2 =0.



Notice that M> = (411 g) <411 g) = <1§ 1111) and that

B 2 _af1 0 (4 2 18 14\ _ (0 0
101 7M—|—M—10<0 1) 7(1 3>+<7 11>—<0 0)

so that 10I — 7M + M? = O, the zero matrix.
This illustrates the Cayley—Hamilton theorem which states:
‘Every square matrix M satisfies its own characteristic equation.’

Note that I and O have to be inserted appropriately so that the equation makes
sense.

You can readily prove this result for the general 2 x 2 matrix by direct
multiplication, but the proof below, though written for 3 x 3 matrices, shows a
style of argument that can be applied to all other square matrices.

a, — A bl 1
When M is 3 x 3, notice that detM — AI) = | a, b, — 4 ¢, | which
a3 b3 C3 — A

may be written as d, + d, A + d,A* — A’ where dy, d,, d, are independent of 1.
Then the characteristic equation is
do+diA+d 2 =27 =0
and the Cayley—Hamilton theorem states that
Al + dM + dM? —M® = 0.
Since the elements of the 3 x 3 matrix adj(M — AI) are 2 x 2 determinants, each
element of adj(M — AI) is (at most) quadratic in 1. You can therefore write
adj(M — AI) = A, + 1A, + A°A,

where Ay, A; and A, are 3 X 3 matrices with elements that are independent of 1.

On page 94 it was proved that M™' = ae%_M adjM for detM # 0, from which it

follows that:

M(ad)M) - (detM)I. This is also true when
detM = 0 (see Exercise 5C,

Question 10).

Substituting (M — AI) for M gives:
(M — ADadj(M — AI) = det(M — AI)I
= (dy + diA+ 2> = )

therefore (M — A)(Ag + AA; + 12Ay) = (dy + di A+ doA* — )1
= MA+AMA, — Ay + PX(MA, — A)) — 1A, = (dy + diJ + do ) — )1

MA, = 4,1 dl = MA,
MA, — Ay = d|I dM = M’A; — MA,
= so that 5 s 5
MAZ—Alzdzl dzM :MAZ—MAI
—A;, = -1 -M® = —M*A,

and adding these four results gives doI + d,M + d,M* — M’ = O confirming
that M satisfies its own characteristic equation.

wa109Yy3} uorjiuueH-Asjien syl
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E EXAMPLE 5.8 Given M = <‘11 g) use the Cayley—Hamilton theorem to find M®.

SOLUTION

As before, the characteristic equation is 10 — 74 + A*> = 0. By the
Cayley—Hamilton theorem:

Matrices

10l -7 M +M* =0
= M?=7M- 10l
= M= (7M - 101)’
= 49M? — 140M + 1001
= 49(7M — 10I) — 140M + 1001
= 203M — 3901

= M® = (203M — 3901)*
= 41 209M° — 158 340M + 152 1001

= 41209(7M — 10I) — 158 340M + 152 1001
= 130123M — 2599901

ThusM8=130123<4 2)—259990(1 0)=<260502 260246).

1 3 0 1 130123 130379
n n n_ Hntl
(Check this against M" = %(2 >5<n5_ —‘2_,12 2 >5<n5+ 2,1%1 ) with n = 8.

See Example 5.7.)

Use the Cayley—Hamilton theorem to show that:

M=<§ g) = M"? =gM"! — 9gM".

This expression, giving M"** in terms of M"*' and M", is an example of a
recurrence relation.

9 The Cayley—Hamilton theorem states that a matrix M satisfies its own
characteristic equation. The characteristic equation may be written as
det(M — AI} = 0. Replacing 1 by M produces a determinant consisting entirely
of zeros. Is this sufficient proof of the theorem?
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Historical note

The Cayley-Hamilton theorem was first announced by Arthur Cayley in ‘A Memoir on the Theory of
Matrices' in 1858, in which he proved the theorem for 2 x 2 matrices and checked it for 3 x 3 matrices.
Amazingly he went on to say, ‘| have not thought it necessary to undertake the labour of a formal proof
of the theorem in the general case of a matrix of any degree.” Essentially the same property was
contained in Sir William Hamilton’s ‘Lectures on Quaternions’ in 1853, with a proof covering 4 x 4
matrices. The name ‘characteristic equation’ is attributed to Augustin Louis Cauchy (1789-1857), and
the first general proof of the theorem was supplied in 1878 by Georg Frobenius (1849-1917), complete
with modifications to take account of the problems caused by repeated eigenvalues.

1 Find matrices S and A such that M = SAS™!.

. (5 4

i) M= <3 6)

(i) M = (; __12>
(05 05
fiii) M = <o.3 0.7)

1.9 —15
0.6 0

can you say about M” when # is very large?

2 Express M = < ) in the form SAS™" and hence find M*. What

3 Calculate the following.

w (6 —6Y
"2 1
. 3 1\l
[1] 1 3
ain (0703 *
"\o6 04
4 Find examples of 2 X 2 matrices to illustrate the following.

{i) M has repeated eigenvalues and cannot be diagonalised.
{ii) M has repeated eigenvalues and can be diagonalised.
{iii) M has 0 as an eigenvalue and cannot be diagonalised.
{iv) M has 0 as an eigenvalue and can be diagonalised.

5 Demonstrate that < ) satisfies its own characteristic equation.

-1 4

4G os1219x3
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6 Prove the Cayley—Hamilton theorem for M = <Z ;) by calculating M*

and substituting directly into the characteristic equation.

k

7 You are given the matrix M = < 0 2), where k # 2.

(it Find the eigenvalues of M, and the corresponding eigenvectors.

(i) Write down a matrix P for which P~'MP is a diagonal matrix.

{iii) Hence find the matrix M".

{iv} For the case k = 1, use the Cayley—Hamilton theorem to find integers p
and ¢ such that

M’ = pM® + gM’.

[MEI]
0 -1 1
8 You are given the matrixM=| 6 -2 6
4 1 3

(il Show that —2 and —1 are eigenvalues of M, and find the other eigenvalue.

1
(i) Show that 1 | is an eigenvector corresponding to the eigenvalue
-1
—2, and find an eigenvector corresponding to the eigenvalue —1.
i) Using the Cayley—Hamilton theorem, or otherwise:
ta) show that M* = 11M” + 18M + 8I
(b) find the values of p, g and r such that M™! = pM* + gM + rL

1
{iv) Evaluate M~ 1
-1 [MEI]
1 1 4 -1
Show that | 1 | is an eigenvectorof M= | —1 6 —1 | and state the
0 2 =2 4

corresponding eigenvalue. By finding the other eigenvalues and their
eigenvectors express M in the form SAS™'.

3 1 -2
10 You are given the matrix A= 2 4 —4
21 -1

(i) Show that 1 is an eigenvalue of A, and find the other two eigenvalues.
(i) Find an eigenvector corresponding to the eigenvalue 1.
{iii) Using the Cayley—Hamilton theorem, or otherwise, find integers p, g
and r such that
A’ = pA® + gA + 11,
and show that

A' = 25A% — 60A + 361,
[MEI]



1
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13
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-1 -1 1
A matrix M is given by M = 6 2k
0 -2 1

{i) Find, in terms of k,
{a) the determinant of M
(b) the inverse matrix M™!,

One of the eigenvalues of M is 2.

(i) Find the value of k, and show that the other two eigenvalues are 1 and
—1.
Giii) Find integers p, g and r such that M* = pM + gI + M.
(iv) Show that M* = 10M +1— 10M™".
[MEI]

You are given the matrix M = < _?2) _Z ) .

(i) Show that 3 is an eigenvalue of M, and find the other eigenvalue.
(i) For each eigenvalue, find a corresponding eigenvector.
(iii) Write down a matrix P such that P"'MP is a diagonal matrix.

5 3"l 5—5x¥>

1
{iv) Hence show that M” = ( L343 3453

[MEI]

The Fibonacci sequence 1, 1,2, 3, ... is defined by

fi=h = Lo = fot for. Letu, = (ff)

(i) Show that u,,; = Mu, where M = ( i (1)>
(i) Show that the eigenvalues of M are A, =1 (1 ++/5),4, =1(1 - /5),

with associated eigenvectors < ) < )

1 M A 1 -4
(iii) Deduce that M = e /12< 1 ) < 0 iz) <_1 1 ) and

hence show that f, = % ((1 +2‘/§>n— <1 ‘2‘@)”) .

i) A and B are 2 X 2 matrices with eigenvalues o, o, and f,, f,

respectively. Are the eigenvalues of the product AB the products of the
eigenvalues of A and B? Justify your answer.
(ii) Find the fallacy in this ‘proof’.

A has eigenvalue 4 and B has eigenvalue p

= ABs = Apus
= ABs = uAs
= ABs = uis

= AB has eigenvalue Ju.

4G os1219x3
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Matrix M is 1 X n. Matrix S is such that MS = SD, where D is a diagonal
matrix with Ay, 4,, ... 4, on the leading diagonal and zeros elsewhere.
Suppose the first column of S is s;. By considering the first columns of the
products SD and MS show that 4, is an eigenvalue of M and that s; is a
corresponding eigenvector.

(Similar arguments apply to the other columns of § and 4,, 23, ... 4, showing
that when searching for S and D such that M = SDS™" where D is diagonal,
the leading diagonal of D is composed of eigenvalues, and S is composed of
corresponding eigenvectors in the correct order.)

As usual s|, s, and s; are eigenvectors corresponding to distinct eigenvalues

A1, Ay and A3 of the 3 X 3 matrix M, and S is the matrix (s, s, s3).

(i} By pre-multiplying as, + bs, = 0 by M show that s; cannot be parallel
to s,.

(i) Extend the argument to show that s;, s, and s; cannot be coplanar.

{iii) Show that S is non-singular and deduce that M can be diagonalised.

(All n x »n matrices with » distinct eigenvalues can be diagonalised.)

The 3 x 3 matrix A is said to be similar to the 3 x 3 matrix B if a non-

singular matrix P exists such that A = P™'BP.

(i) Prove that every 3 x 3 matrix is similar to itself.

{ii) Prove that A is similar to B = B is similar to A.

{iii) Prove that if A is similar to B and B is similar to C then A is similar to
C.

{iv} Prove that similar matrices have the same characteristic equation and
deduce that similar matrices have the same eigenvalues.

The trace of matrix A is tr(A), defined as the sum of the elements on the
leading diagonal of A. For 3 x 3 matrices prove that:
i tr(A+B) =1tr(A) + tr(B)
(ii) tr(kA) = ktr(A), where k is a scalar
i) tr(AB) = tr(BA)
{iv) if there exists a non-singular matrix P such that
a 0 0
P'AP=[0 p 0] thentr(A)=a+f+7
0 0 v

{v) tr(A) is the sum of the three eigenvalues of A.



19 Matrices A and B can be diagonalised. Assuming neither matrix has repeated

§ eigenvalues, show that:

%X A and B share the same eigenvectors < AB = BA. m

& :

5% (This result, useful in quantum mechanics, also holds if eigenvalues are 8.

¥¢ repeated.) o
m

20 A non-negative matrix is one which contains no negative elements. In this

%X question, 4, is the numerically larger eigenvalue of non-negative 2 x 2

%X matrix M.

e N

$x (i) Prove that 4, is positive.

%< (i) By considering (I — M)(I+M 4+ M? + M’ 4 ... + M") show that if

2 A < lthen (I—M)™' =1+M+M? +M® +... and deduce that

§ (I —M)™" is non-negative.

§ (All non-negative matrices exhibit similar properties. They are important

when applying mathematical models to economics.)

Using a computer, investigate how to find the inverses of matrices.

1 Program a spreadsheet to find the inverses of:

il 3 X 3 matrices without using the spreadsheet’s built-in functions
{ii) matrices using the spreadsheet’s built-in functions.

2 Find out how to use a computer algebra system to invert matrices.
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1

o bog
M=|a b ¢ |=dtM=A=|M =aA +ad,+ aA,
a by
Ay Ay A
ade = Bf BZ _83
¢, O, O
- 1
and M~ = adiM, provided detM == 0,
L -
where A; = the cofactor of g, =+ zl zl =bic; — bz,
Z -2
i b]_
C; = the cofactor of ¢ = — = —({a1b; — ashy), etc.
3

det(MN) = detM X detN provided M and N are both # x n.
(MN)™" =N"'M™, provided both M and N are n X 7 and non-singular.
(MN)T = N™M", provided M is m x nand N is # X p.

When solving n simultaneous equations in # unknowns:

e if detM = 0, there is a unique solution

e if detM == 0, either there is no solution or there are infinitely many
solutions.

An eigenvector of square matrix M is a non-zero vector s such that
Ms = As; the scalar 4 is the corresponding eigenvalue.

The characteristic equation of M is det{M — AI) = C.

If 8 is the matrix formed of the eigenvectors of M and A is the diagonal
matrix formed of the corresponding eigenvalues then

MS = SA, A = 8§ 'MS, M" = SA"S".

The Cayley—Hamilton theorem states:

‘Every square matrix M satisfies its own characteristic equation.’



Hyperbolic functions

Just as much as it is easy to find the differential of a given quantity, so
it is difficult to find the integral of a given differential. Moreover,
sometimes we cannot say with certainty whether the integral of a given
quantity can be found or not.

John Bernoulli, 1667-1748

The soap bubble between two rings on the left casts a shadow which coincides
with the hanging chain, showing that both form the same curve - a catenary.

The hyperbolic cosine and hyperbolic sine functions

The cosine and sine functions are called circular functions, since the parametric
equations x = cos 0, y = sin 0 give the circle x* + y* = 1. This equation can be
rearranged to give y = £+/1 — x2, which is why the inverse circular functions
are useful in finding integrals involving v/'1 — x* (and, likewise, v 4*> — x?, as on
page 12). In the eighteenth century several mathematicians investigated integrals
involving v/x? — 1 in a similar way, noticing that if y = v/x2 — 1 then

x* — y* = 1 which is the equation of a hyperbola.

Now L=l (xtyx—y) =1
so that if X+y=p

then x—y:l
p
from which x=l<p—|—l) andy:l<p—l)_
2 p 2 p

These are parametric equations for the hyperbola x* — y* = 1 in terms of the
parameter p.

suonosuny auis sjoqsadAy pue auisos osljoqsadAy ayjy
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These equations turn out to be particularly useful in the case when p = &*,

—u

S0 thatl =e
P

Then

x=3("+e M andy=1(e"—e™").
By analogy with the circular functions these are called the hyperbolic cosine and
hyperbolic sine functions respectively (names introduced by J. H. Lambert in
1768). These are abbreviated to cosh and sinh (pronounced ‘shine’ or ‘sine-ch’ or

‘sinch’ or ‘sinsh’ — take your pick!), so that

Hyperbolic functions

coshu=2(e"+e™") and sinhu=1(e"—e™").

Prove that cosh (—u) = cosh u and that sinh (—#) = — sinh u (i.e. that cosh and
sinh are respectively even and odd functions). What does this tell you about the

symmetries of the graphs of these functions?

The graphs of these hyperbolic functions are easy to sketch. Since
cosh uu = 5 (e" 4+ ") the graph of v = cosh u lies mid-way between the graphs
of v =e" and v = 7", as shown in figure 6.1. Note that v = cosh u has a

minimum point at (0, 1).

Figure 6.1

Similarly, the graph of v = sinh u is vA o vTe
mid-way between the graphs of v = e" . ' v = sinhu
and v = —e™" (figure 6.2). It passes ) "

through the origin where it has a point

of inflection. 1.7

.

124 Figure 6.2



These graphs are nothing like the sine or cosine wave graphs, but the definitions
of the hyperbolic functions are very similar to the results linking the circular
functions with e’ which were given on page 47. Compare

cosh u = %(e“ +e™) and cosf = %(eje + e

sinhu = l(e“ —¢e ") and sinf= i'(eje — e,

Many other similarities follow from this. For example, starting with the
definitions and differentiating,

u

Also, since

cosh? u = i(e“ +e = i(ezu +24e7%)

1

and sinh® u = i(e“ —e T = Z(ezu —24e

by subtracting

2 .12 An important result, but not
cosh"u —sinh"u =1 i
= surprising since it gets us

back tox? — y2 = 1.

and by adding

. 1 _
cosh? u + sinh? u = 5 (e* + &™) = cosh2u.

Using cosh® u — sinh® 4 = 1 and cosh 2u = cosh® u + sinh® u, write down two
further versions of cosh 2. Compare all three formulae for cosh 2u with the
corresponding formulae for cos 26.

Use the definitions of sinh # and cosh u to prove that

(i) sinh2u = 2sinh ucosh u
(i) sinh (¢ + v) = sinh ucosh v + cosh usinh v
(i) cosh (1 + v) = cosh u cosh v + sinh u sinh v.

[Hint: Start with the right-hand sides.]

The only difference between these identities and the corresponding ones for the
circular functions is that the sign is reversed whenever a product of two sines is
replaced by the product of two sinhs. This is called Osborn’s rule: it arises
because of the factor j in the denominator of sin & as defined above.

di(cosh u) = %(e" —e ¥)y=sinhu and %(sinh u) = %(e“ +e™) = cosh u.

suonosuny auis sjoqsadAy pue auisos osljoqsadAy ayjy
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E EXAMPLE 6.1 Solve the equation cosh = 2 sinh u — 1.

SOLUTION
It is simplest to work from the definitions.

coshu=2sinhu—1 & I(e"+e ) =e"—e"—1
e —3e"=-2=0
(e —2e"—3=0
(e"=3)(e"+1) =0

e’ =3 (since e" cannot be negative)

Hyperbolic functions

tre e

u=1n3.

1 Prove that

cosh A+ coshB = 2coshA;_BcoshA — B.

Write down the corresponding results for cosh A — cosh B and for
sinh A £ sinh B, and prove one of these.

2 Given that sin 30 = 3sin 0 — 4sin’ 0 and cos 30 = 4 cos® 0 — 3 cos 0, write
down expressions for sinh 3u in terms of sinh u, and cosh 3u in terms of cosh .

3 (i} Find all the real solutions of these equations.
fa) coshx+ 2sinhx = —1
{b) 10coshx — 2sinhx =11
{¢) 7coshx+4sinhx =3
(i) Find conditions on a, b, ¢ which are necessary and sufficient to ensure
that the equation g coshx + bsinh x = ¢ has two distinct real roots.

4 Given that sinh x 4 sinhy = %
and coshx — coshy = 2,
show that 2¢* =54 2¢™” and 3¢ = —5 + 3¢’.

Hence find the real values of x and y.

5 The diagram below represents a cable hanging between two points A and B,
where AB is horizontal. The lowest point of the cable, O, is taken as the
origin of co-ordinates as shown.

YA

=Y
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1

12

If the cable is flexible and has uniform density then the curve in which it
hangs is called a catenary. In 1691 John Bernoulli (responding to a challenge
set by his brother James) proved that the equation of the catenary is
y=c <cosh£ — 1) , where ¢ is a constant.

c
If for a particular cable ¢ = 20 m and AB = 16 m, find the sag of the cable,

i.e. the distance of O below AB, and the angle that the tangent at A makes
with the horizontal.

P is any point on the curve y = ccoshX , M is the foot of the perpendicular
¢

from P to the x axis, and Q is the foot of the perpendicular from M to the
tangent of the curve at P. Prove that

M MQ=c¢

(i) the product of the y co-ordinates of P and Q is ¢”.

Differentiate each of the following with respect to x.

{i) sinh4x (i) cosh(x?)

(i) cosh’ x (iv) cosxsinhx

{v) sinh(Ilnx) vi) €*sinh5x

tvii) (1 + x)* cosh® 3x (viii) 1n (cosh x + sinh x)

Express cosh? x and sinh” x in terms of cosh 2x.
Hence find [ cosh® xdx and [sinh® x dx.

Integrate each of the following with respect to x.

i) sinh3x il xcosh(1+x)
{iii) xsinhx livi cosh®x

(v xsinh’x viy €™ cosh5x

tvii) cosh” xsinh® x {viii) cosh 6xsinh 8x

Prove that cosh x > x for all x. Prove that the point on the curve y = cosh x
which is closest to the line y = x has co-ordinates (In (1 + v/2), v/2).

Prove that ( cosh x + sinh x)" = cosh nx + sinh nx for all integers n. State
and prove the corresponding result for ( cosh x — sinh x)". Deduce
expressions for cosh 5x in terms of cosh x and for sinh 5x in terms of sinh x.

In this question, the function f(x) is defined to be
f(x) = 13 cosh x + 5sinh x.

(i) For the curve with equation y = f(x), show that the area under the
curve between x = —a and x = a (where a > 0) is £ {f(a) — f(—a)}.

{ii) By first expressing f(x) in terms of e and e™*, or otherwise, find the
minimum value of f(x).

(i) Solve the equation f(x) = 20, giving the answers as natural logarithms.

{iv) Differentiate arctan (% ex) with respect to x. Hence find JL dx.

f(x) [MEI]
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The four remaining hyperbolic functions are defined in a similar way to the
corresponding circular functions:

sinh x 1 1 1
,cothx = ,sechx = ,cosechx =

cosh x tanh x cosh x sinh x

tanhx =

For each of these functions state any necessary restriction on the domain, give
the range, and say whether the function is even or odd.

The most important of these is the tanh function (pronounced ‘than’ or ‘tan—ch’).

X —x —2x
e —e 1—e
Let y = tanhx. Then y = P = Ry dividing top and bottom by e*
€ e e

so that y — lasx — oo,
By a similar method, y — —1asx — —oo.
. . . . sinhx .
Using the quotient rule to differentiate gives
cosh x

dy  coshxcoshx — sinh xsinh x 2
—= = = sech” x,

dx cosh® x
since cosh” x — sinh® x = 1.
So the graph of y = tanh x (see figure 6.3) has
® a positive gradient everywhere, never more than 1 (since 0 < sechx < 1)

e half-turn symmetry about the origin
e asymptotes y = £1.

Figure 6.3

1 Sketch the graph of each of the following, giving the equations of any asymptotes.
(il y =sechx {ii) y = cosechx (i) y = cothx

2 Prove that
i 1— tanh®x = sech’x
(i) coth’x — 1 = cosech’x
2 tanh x

(iii) tanh2x = —————.
1+ tanh” x



10

Find all the real solutions of these equations.
i) 4tanhx = cothx

(i) 3tanhx = 4(1 — sech x)

i) 3sech’x + tanhx = 3

(i) Find exact expressions for p and g, where sinh p = sech p and
cosh g = coth q.
{ii) Arrange cosh x, sinh x, tanh x, sech x, cosech x, coth x in ascending order
of magnitude
fa) when0 < x<p
() when p < x < q.

n n . .
If — 5 <x< B} and k is any real constant, show that the equation

sin x = tanh k has just one solution, and prove that tan x = sinh k and
sec x = cosh k for this value of x.

Prove that:

) o=In(tanf) < tanhoa = — cos2p

(i) «=1In <tan <% + g)) & tanh o = sin f.

Differentiate each of the following with respect to x.

{i) sechx {ii) cosechx (i) cothx (iv) In(tanh x)

Integrate each of the following with respect to x.
(i) tanhx (i} cothx {iii} sech x {iv) cosechx

[Hint: For (iii) and (iv) use the substitution u = ¢*.]

Find the Maclaurin series for cosh x, including the general term,

(i) by finding the values of successive derivatives at x =0
(i) by using the definition coshx = 1 (" + ™).

{The Maclaurin series for cosh x and sinh x are valid for all values of x.)

i) (a) Show, by successive differentiation of sinh x, that its Maclaurin series is

X X

SRR
(b) Write down the series for sinh (x*) in ascending powers of x, giving
the first three non-zero terms and the general term.
{¢) Given that f(x) = sinh (x°), use the series in part {iXb) to find the values
of £°(0) and £ (0). [f")(x) denotes the nth derivative of f(x).]
(i) Use the series in part (ikb) to find the value of
0.6
J x? sinh (x%) dx
0

correct to 4 decimal places
[MEL, part]

g9 os1919x3
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11 (i) Show that cosh* x = Fcosh4x + 2 cosh2x + 2.
(i) Find the series expansion for cosh® x, as far as the term in x*.

[MEI, part]
12 (i} Show that the only stationary point on the curve
y = cosh2x — 3sinhx is (In2, —3).
In2
(i) Find J (cosh2x — 3sinh x) dx
0 [MEI part]

The inverse hyperbolic functions

The cosh function is a many-to-one function, since more than one value of x
can yield the same value of y (e.g. cosh x; = cosh (—x;) = y, in figure 6.4).

YA

y = cosh x

Y1

=Y

—Xl O Xl
Figure 6.4

But if the domain is restricted to the non-negative real numbers, i.e. to x = 0,
then the function is one-to-one, with the graph shown by the heavy line in
figure 6.4. This restricted cosh function has an inverse function, which is
denoted by arcosh (or sometimes cosh™1), so that

v=arcoshu < wu=coshvandv>0.

The usual process of reflecting the graph of a function in the line y = x to give
the graph of its inverse function produces the graph of y = arcosh x shown in
figure 6.5.

Figure 6.5



Since the sinh and tanh functions are already one-to-one there is no need for
any similar restrictions in defining their inverse functions arsinh and artanh (or
sinh™! and tanh™").

Thus v =arsinhu < u=sinhv
y=artanhuy < u=tanhwv.

The graphs are shown in figure 6.6.
yp UTEM = yp ¥ = artanhx

]

]

[

31 ‘
’

~

-

[\
1
Y
N
[\
1
S
~
~

=Y

P R —3
1 _4_
(a) (b)
Figure 6.6

State the domain and range of each of these three inverse hyperbolic functions.

Just as the hyperbolic functions are defined using the exponential function, so
their inverses can be put in terms of the natural logarithm function. The most
straightforward to deal with is artanh x:

y =artanhx <& x = tanhy
e — e
e + e/
— eZy —1 multiplying top and
e+ 1 botttom by e”
s x(e?+1)=e¥ -1
& e” = L+ x
1—x
& 2y=In <1 + x).
1—x
Therefore artanh x = lln 1+ .
2 1—x

g9 os1919x3
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As you might expect, arcosh x is a bit more complicated:

y =arcoshx <& x=coshy
= 2xx=é& +e”’
= (&)Y -2x+1=0

& — 2x £ V4ax* —4 using the quadratic
2 equation formula
=xtvxr-1
= y=In(x+vx2—-1)or In(x— v —1).

The sum of these two roots is
In[(x+ V2 —Dx—vVx2—1)] =ln[x¥*— (x*-=1)] =Ilnl =0,

s0 the second root is the negative of the first (as shown in figure 6.4). Since

Hyperbolic functions

arcosh x > 0 by definition, the required root is the positive one. Therefore

arcoshx = In(x + vx2 — 1).

Use a similar method to prove that arsinh x = In(x + v/x* + 1).
Explain why the root In(x — v/x? + 1) is rejected.

The derivatives of arcosh x and arsinh x can be found by differentiating these
logarithmic versions, but it is easier to work as follows.

y =arcoshx <& coshy=ux

. d
= sinh Y differentiating both
y
dx sides with respect to x
d 1
. Y
dx  sinhy
. 1
- +./cosh?y — 1 using cosh?y — sinh?y = |
1

IRV
Since the gradient of y = arcosh x is always positive you must take the positive
1

square root, and therefore 4 (arcosh x) = ——.
dx x*—1

This result is equivalent to the integral Jé dx = arcosh x + ¢, from which

vxr—1

. . . 1
it is easy to integrate related functions. For example, to find J— dx, use
N

the substitution x = au. Then dx = adu and
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EXAMPLE 6.2

=arcoshu+ ¢

x
= arcosh=+c.
a

Prove by similar methods that

d 1
(i) — (arsinhx) = ——
I dx ( ) x2+1

dx = arsinh = +c.

1
(i) | ——
J Vx2 4+ a? a

Inverse hyperbolic functions are used in integration in much the same way as
inverse trigonometric functions. More complicated examples use techniques
such as taking out constant factors or completing the square, just as on pages

15-17.

Find
{i) Jﬁ dx (i) J\/xZ _ ldx {iii) J

SOLUTION
1
(i J—dle L
9x2 — 25 3 X2 — 29_5
= larcosh?’?x +c.

(ii) Let x = cosh u so that dx = sinh #du. Then

J\/xz —1dx = | Vcosh? u — 1sinh udu

= | sinh? udu

1 (cosh2u — 1) du

=+sinh2u—Ltu+c

sinh ucoshu —+u+¢

xVx? —1—Zarcoshx + c.

W= =

> 1

—_— dx
1 Vx4 6x+13

suonouny sjogadAy asiaaul oy
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Giii) X’ +6x+13=x"+6x+9+4=(x+3)"+4

5 5
Therefore J S dx = J . dx
L VX2 + 6x+ 13 1V (x+3)"+4

5
= {arsinh X+ 3]
2 1

= arsinh 4 — arsinh 2

= In(4 +/17) — In(2 + v/5)
~ 0.651.

Differentiate In(x + v/x? — 1) with respect to x, and show that your
answer simplifies to 1
Vi =1

Prove that 4 (artanh x) = L
dx 1-—

~ - By using partial fractions and integrating,
x

deduce from this the logarithmic form of artanh x.

Sketch the graphs of the inverse functions y = arsech x, y = arcosech x,
y = arcoth x, giving the domain and range of each.

Differentiate each of the following with respect to x.
(i) arsinh3x

(i) arcosh (x?)

(iii) arctan (sinh x)

{iv) artanh (sin x)

{v) arsechx

Integrate the following with respect to x.

(i) arcoshx
(i) arsinh x
(iif) artanh x.

[Hint: Write arcosh x = 1 X arcosh x and integrate by parts.]

Integrate the following with respect to x.

1 1

(i}) —— iiy ——
V4 4 x2 x2—9

1 ) 1

(Ill) gy (IV) E—
V9 — x? V36x2 + 16

W ——t W)
Vxt—4x+ 8 vVt +x

. 1
(vii) —— {viii)

2
X
VIx? 4+ 6x — 8 Vb —1
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10

1

12

13

Evaluate each of the following, correct to 3 significant figures.

3 1 20 1
0] J ——dx (i) J dx
1 Vx2+4x+5 10 V4x2 + 12x — 40
The points P;(acos 6, asin @) and P,(a cosh ¢, asinh ¢) lie on the circle

x> + y* = a* and the rectangular hyperbola x* — y* = a respectively (see
diagram below).

P, (acosf, a sinfl) )
P, (acosh¢, a sinhg)

Prove that area OAP, is proportional to 6 and that area OAP, is
proportional to ¢, with the same constant of proportionality.

By substituting suitable circular or hyperbolic functions, find
M [va—x*dx
i [Va>+x2dx
Gii) [ Vx> — a?dx.

6
1 1 3
Show that J —————dx==In <—>
/5.2 _
5 v 25x 576 5 2 [MEL part]
4
4x +1
Show that J ———dx=8+1n3.
/2
0 VX +9 [MEL part]
(i Find [xsinh (x%) dx.
{ii) By writing x° sinh (x?) as x*(xsinh (x?)), or otherwise, find
[ % sinh (x*) dx.
[MEI, part]

(i) By differentiating the equation tanh y = x, show that

i(artanh x) = 1 .
dx 1—x?

(i) Using integration by parts, find [artanh x dx.

{iii} Prove that artanh x = l1n<1 + x).
2 1—x

1

2

- _ 1 27

(iv) Show that J; artanh xdx = 1In(%).

{v} Show that the expansion of artanh x in ascending powers of x begins
x+ix 4.

[MEI]

29 9s1949x3
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0.4

—04 25X2 + 4
(i) (a) Differentiate the following with respect to x (where 0 < x < 2),
simplifying your answers as much as possible.

14 (i) Find the exact value of J

(A) arcsin = (B) arcosh 2
2 x
{b) Using integration by parts, show that

V3
J arcsinfdxzi— 1.
0 2 V3

24 3x

———dx.
xV4 — x? *

{¢} Find J
[MEI]

16 (i) Obtain the formula
sinh 2x — sinh 2y = 2 cosh (x + y) sinh(x — y)
and prove that
cosh 0 4 cosh 20 4 - - - + cosh n = cosh 3 (n 4 1)0 sinh 3 nf) cosech 3 6.
(i) Evaluate the integral
r dx
s VA —4x -3 ME

16 Prove that the curves y = arsinh x and y = arcosh 2x intersect where

X =—

V3

Find the area bounded by the x axis and these curves.



x = x = : 2x
e +e ) e —e sinhx e* —1
coshx=——, sinhx=————, tanhx= =— ;
2) 2 coshx e*+1
1 1
cothx = ; sechx = . cosech x = — ;
tanh x cosh x sinh x

cosh? x — sinh? x = 1,

1 — tanh? x = sech’x,

coth’ x — 1 = cosech’x.

cosh (x £ y) = cosh x cosh y = sinh xsinh y,

sinh (x £ y) = sinh x cosh y £ cosh xsinh y,
tanh x = tanh y

RrbEA )= 1 & tanh xtanhy'

% (Cosh #) = st Jcosh sde=sighed

% (sinh x) = cosh x, [ sinh xdx = coshx + ¢,

% (tanh x) = sech’x, [ tanh xdx = In(cosh x) + ¢.

arcoshx = In(x + v/x2 — 1),
arsinh x = In(x + v/x2 + 1),

ar’tarlhx:%ln(1 +x).

1 —x

1 :
J— dx = arcosh> + ¢, dx = arsinh > + .

1
x2 —a? a j\/xz—l—a? a

Maclaurin series (See also page 83.)

4 6 2r
Valid for all x: coshx=l+£+x—+x—+---+ *
20 4 e (2n)!
3 5 2r-1
sinhx =4+ e
3t 5l (2r=i]
7 2r—1
Valid for |x| < 1: artanhx=x+i+i+x—+-u+ X
3 7 il

29 9s1949x3
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Investigation of curves

...he seemed to approach the grave as an hyperbolic curve approaches a
line, less directly as he got nearer, till it was doubtful if he would ever
reach it at all.

Thomas Hardy, Far from the Madding Crowd

This chapter is based on the assumption that you have a graphic calculator.

Defining a curve

As a train moves, a point on the edge of the wheel follows the path shown in
figure 7.1,

Figure 7.1

9 How would you describe this path? What are its important features?

Locus

Many curves were first studied as a result of locus problems. They are the
paths of moving points, like the point on the wheel of a train. Three locus
problems are described on the next page. For each one think about the path
traced out by the point P.



e A and B are two fixed points in a plane. P moves in such a way that its
distance from A is always double its distance from B.

P
[ 4

aAINn9 e Buluysq H

Figure 7.2

e P is a point on the rim of a circular coin as it rolls around another coin of the
same size.

Figure 7.3

A circle, S, has diameter 2a. A is a fixed point on S and Q moves around S in a
clockwise direction from A. P lies on the chord AQ produced, at a fixed distance
a from Q.

Produced means
extended.

Figure 7.4

According to the nature of the locus problem, a particular form of approach
(cartesian, parametric or polar) may be more appropriate than the others. The
three examples above will be used to illustrate this point.

Cartesian equations

A and B are two fixed points in a plane. P moves in such a way that its distance
from A is always double its distance from B.

YA

P(x, y)

=Y

Figure 7.5
139



Investigation of curves !

140

Let the two fixed points A and B have co-ordinates (0, 0) and (4, 0).

The point P satisfies the equation |PA| = 2|PB| and so the path it traces out has

equation
\/x2+y2=2\/(x—a)2—|—y2.
So Xty =4l - a) +y)
> > p
= 3x" —8ax+3y" +4a" =0
= xz—gax—i—yz—k%az:o
4 2, .2 2 \2
= (x—%a)+y° = (3a)"

Therefore the locus of P is a circle, centre (% a, 0) and radius % a.

YA

Figure 7.6

In this case the curve is well described by the cartesian equation.
Show that the requirement |PA| = k|PB| leads to a circle for any value of k > 1.

Parametric equations

P is a point on the rim of a circular coin as it rolls around another coin of the
same size.

Initially let the coins, with radius r, be lined up in the position shown in
figure 7.7, with their centres on the x axis and P at A.

Y

(I
NN

=Y

Figure 7.7



Since the coin rolls without slipping, the arc lengths BA and BP in figure 7.8
must be equal and so T = ¢.

=Y

p
NI

Figure 7.8

Then OP = OC + CP = 2r<§i0§ ]7:) — r(iifi?) , giving the parametric
equations

x=2rcosT —rcos2T, y=2rsinT — rsin2T.
Figure 7.9 shows the fixed coin and the path of P.

YA

(o

Figure 7.9

In this case the parametric approach has allowed us to describe the locus
efficiently.

What are the cartesian co-ordinates of the point Q?

Polar equations

A circle, S, has diameter 2a. A is a fixed point on S and Q moves around S in a
clockwise direction from A. P lies on the chord AQ produced, at a fixed distance

a from Q.

aAINn9 e Buluysq H
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One possible position of P is shown in figure 7.10.

Investigation of curves !
]

0
A B
Figure 7.10

It is easy to find the equation of this curve using polar coordinates.

Start by taking A as the pole. Then AB is a diameter, the angle AQB is a right
angle and so |[AQ| = 2acos 8.

Therefore |AP| = 2acos 6 + a and so the polar equation of the curve traced out by
Pis r = 2acos @ + a. Since Q starts at A and moves in a clockwise direction back
to A, 0 goes from r to — E. The path of P, along with the circle S, is shown in

figure 7.11.

Figure 7.11

You might like to model the path of P using dynamic geometry software.

9 If you used values of 0 across the whole range —n < 6 < 7, what would the
graph of r = 2acos 0 + a look like?

Converting between forms

In the final example above you saw that the polar equation of the curve was
r = 2acos 4+ a. The complete curve, taking the full range —7 < 0 < 7, is a
curve called a lisnagon and is shown in figure 7.12,

\J

Figure 7.12
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A In Chapter 2 of this book you met the convention of using dotted lines for

negative values of r. In this chapter you are looking at the curves as a whole
rather than the process of drawing polar curves. For this reason you are not
required to use the dotted line convention but may choose to do so if you wish.

You can derive the cartesian equation of this limagon from the polar equation in
the following way.

Rearrange the polar equation to give

a=r—2acosf

Then ar = r* — 2arcos 0
multiplying each term by r
= a/RAR =4y -2

= at(x* + yz) =(x* 4+ )/2)2 — dax(x* + yz) +4a°x*

substituting x = r cos 6

andr = m
= (a® + dax)(x* + yz) =(x"+ y2)2 +4a’x%,
To find the parametric equations of the limagon,

substitute r = 2acos  + a into both x = r cos 6
and y = rsinf.

Show that this leads to the parametric equations

x=ua(cosT+cos2T+1), y=a(sinT+sin2T).

Why is a parameter other than 6 often used in parametric equations?

In this case the polar form gives the most elegant equation.

Being able to convert from one form to another is a useful skill and will be used
throughout this chapter.

Parametric — cartesian

You can convert certain parametric equations into cartesian equations by
eliminating the parameter, for example

2
x=2t+1, y:t2 = y:<x51>.

You can also convert a cartesian equation into an equivalent parametric form if

e cither the cartesian equation is in a relatively straightforward form, for example

Try drawing both of

y2=16x = x=t, y=4t
these on your calculator.

aAINn9 e Buluysq H
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e or the cartesian equation is in a form which can be compared with a known
identity. For example, comparing the circle x* + y* = a* with the identity
cos’ t + sin’ t = 1 gives the parametric equations of the circle

x=acost, y=asint.
Cartesian — polar

In Chapter 2 of this book you saw how to convert cartesian equations to polar
equations, and vice versa, using the substitution x = r cos 8 and y = rsin 6. For
example

10
cos ) + 2sin 0

and r=3cosf = r*=3rcosl = x+y =3

x+2y=10 = rcosf+2rsin0 =10 = r=

Parametric — polar

In this case you could use a combination of the techniques above (using the cartesian
form as an intermediate step) or, when converting from polar to parametric form,
you could substitute r = f() in x = r cos 8, y = rsin 6. For example

r=tanf = x=rcosf=tanfcosf =sinh, y=rsinf = tanBsinb.

Many equations, such as the parametric equations x = e *(1 +¢), y = t + cos t
cannot be converted into other forms.

Figure 7.13 summarises these techniques.

‘When converting from parametric
to polar form, you are advised to

convert to cartesian form first.

Substitute 7 = f(6 > Foramgtric - Attempt to eliminate
S 4 x =1,y = g) the parameter,
inx = rcosf, ] .
L possibly using a
v = rsinf. A :
£ known identity.
|
|' v
Polar Cartesian
r = f(#) v = fix)
Substitute x = rcos#,
v =rsinfiny = f{x).
—\_____,_,—o-/
Substitute £ = arctan 1[ =2+ y2inr = f0).
Sometimes it may be more
convenient to substitute x = rcos 8,
vy = rsin@ in r = (@) (as with the
limacon on page 143).
Figure 7.13




Notice that, in general, the parameter used in the parametric equations should
not be confused with the angle 0 in the polar equation. To see why, think about
the curve with parametric equations x = 3cos T, y = 2sin T.

For a point P(3 cosa, 2sin a) on the curve in figure 7.14, « has no direct
relationship with the angle 0 that the line OP makes with the positive x axis.

aAINn9 e Buluysq H

YA

P(3cosa, 2sina)

o) X

Figure 7.14
Had the parametric equations been given as
x=3cosB, y=2sinf
then it would be incorrect to say that the polar equation was
P =y
=9cos’ 0 + 4sin’ 0
=44 5cos* 0

The polar curve r* = 4 + 5 cos” § and the curve defined by the parametric
equations x = 3cos T, y = 2sin T are not the same, as shown in figure 7.15.

r2 =4+ 5cos280 YA x=23cosT,y=2sinT

<Y

Figure 7.15

Each form, cartesian, parametric or polar, can give new insights into the nature
of the curve. You will find this useful when analysing curves later in the chapter.
In the following exercise you will practise converting between the three forms.
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All the graphs you will be asked to draw in this chapter can be drawn using a
graphic calculator. However, for your convenience, if you have access to a computer
you are encouraged to use graph-plotting software.

After completing each question, draw the graphs on your calculator or computer (by
allocating particular numerical values to the constants a, ¢, I, etc. where
appropriate) to check that the two forms give the same graph.

1 Convert the parametric equations given into cartesian form.

Investigation of curves !

M x=at’, y=2at {ii) x=acost, y=Dbsint
¢
{iii) x =asect, y=Dbtant ivi x=ct,y=—
t
. I . .
2 Convert the polar equation r = ———— into cartesian form.
1+ ecos

3 Convert the polar equation r = 3sin 26 into
(i} parametric form
{ii) cartesian form.

4 Convert the polar equation r = 2atan 8 sin 6 (known as the cissoid of
Diocles) into cartesian form.
2at’ 2ar’

Y = into cartesian form.
1+ ¢ 1412

5 Convert the parametric equations x =

6 Convert the polar equation r = 2atan # sin 0 into parametric form
(i) giving x and y in terms of the parameter 0
(ii) giving x and y in terms of the parameter ¢, where f = tan .

7 Explain the connection between your answers to Questions 4, 5 and 6.
a
1+

8 The witch of Agnesi has parametric equations x = at, y =

Find the cartesian equation of this curve.

£ -1 -1
e’ T a1

9 The right strophoid has parametric equations x =

Convert these into
(i) cartesian form
(i) polar form.
3at 3at’

+2 ) T 1r e

10 The folium of Descartes has parametric equations x =

Find the cartesian equation of this curve.
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sin 36

11 The trisectrix of Maclaurin has polar equation r = 2a— 0
sin

N

YL os1910xg

Explain why the following equations all give the trisectrix of Maclaurin.
(i) r=a(4cost —sech)
i) x=a(2cos2T+ 1), y=a(2sin2T —tanT)

(i) x=a 3¢ = at 3t
1+2)7 1+
liv) y* =x° <3a_—x)
a—+x

12 (i) Write down the cartesian equations of the straight lines A, B, Cand D
shown below.

YA

10

|
W
|
(3]
[
-
|
-
—_
w
.
i
@)
e
-
-
o
Y

(i) By using the substitution x = rcos ), y = rsin 8 write down the polar
equations of lines A, B, C and D in the form r = f(8).

{iiiy, Comment on the relative simplicity of the cartesian and polar equations
of straight lines.
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13 The Maltese cross, shown vA
in the diagram, has cartesian

equation
xy(x2 _ yZ) — x2 +y2.

Notice that the Maltese
cross includes the
(isolated) point (0, 0).

@)
<Y

AN

(i} By using the substitution x = rcos 6, y = rsin 0, show that this can be
written in polar form as r* sin 40 = 4.

and r = 2.

(i) On your calculator draw the polar curves r = /—
sin 40

{iii) Using your answer to part {i) explain how you know that the curve
xy(x* — y*) = x* + y* and the circle x* 4 y* = 4 touch but do not cross.

14 The eight curve has polar equation r* = cos 20 sec* 0.

(i) Draw the polar curve r = sec® 6v/cos 20 on your graphic calculator.

(i) Sketch this polar curve, clearly showing the points where it crosses the
initial line.

i) Using x = rcosf, y = rsinf and r* = x* + y*, show that the cartesian
equation of the eight curve is x* = x* — %

{ivi Show that the curve with parametric equations x = v'1 — #2,
y =tV 1 — 12, where 0 < t < 1, gives that part of the eight curve which
lies in the first quadrant.

A point P lies on this curve. The cartesian co-ordinates of P are
(/1 = p% py/1 — p?). The polar co-ordinates of P are (R, ).
{v) Find, in their simplest forms, equations connecting

fa) pand R {b) panda.

Features of curves

This section explores the links between the shape of a curve and the equation or
equations describing it. You have already met even, odd and periodic functions.
In this chapter you will meet many other important properties of curves,
including symmetry, nodes, cusps, dimples, loops and asymptotes.

9 Sketch the curves of the functions f(x) = cos 3x and g(x) = sin 2x. Using f(x)
and g(x) as examples, explain the terms even function, odd function and
periodic function, describing the symmetry properties of the curves.




To start you will investigate two curves, one parametric, the other polar. In each
case you are required to think about the accompanying questions. By the end of
this section you will know the techniques required to analyse these curves. Begin
by exploring them for yourself.

INVESTIGATION

Parametric curves
The parametric equations for a simplified fairground ride are
x=4cosT+2cos3T, y=4sinT+ 2sin3T.

These equations give the curve shown in figure 7.16.

This is the example used in

Y A2 Pure Mathematics, Chapter 9
to model the path of a chair in
T a fairground ride.
B
A’ A X
BI
CI

Figure 7.16

Think about the relationship between the shape of the curve and the equations
describing it.

{ii What are the co-ordinates of the points A, A’, B and B'?
(i) The curve is symmetrical about both axes. How do you account for this?

(i) Substituting T = % and T = Z?n inx=4cos T+ 2cos3T,

y =4sin T + 2sin3T gives the node (or ‘crossover point’) labelled C. What
are the values of the parameter T at the node C'?

Now use your calculator to draw the curve.

This investigation, like many other questions in this chapter, involves circles. It
is good practice to use the ‘equal aspect’ or ‘square’ facility on your calculator so
that circles do indeed appear circular.

YL os1910xg H
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{iv) As T increases from O to 2m how does the curve unfold? Is the range 0 to 27
necessary, or do values of T from 0 to 7 give the entire curve?

Look at figure 7.17, which shows the graph ¥y
and two circles, centre the origin, with
radii 2 and 6.

=Y

Figure 7.17

(v) The curve touches the two circles but does not cross them.
Explain how you can predict this from the equations.

Polar curves

The curve r = 1 + 2 cos 0 is shown in figure 7.18.

\j

Figure 7.18

i What are the polar co-ordinates (r, 8) of the points A and B?

{ii) As the curve unfolds it passes through the pole twice. What are the two
values of 8 corresponding to this point?

{iii) Think about the curves r = 1 4 cos# and r = 1 4 3 cos 8. Do you expect
them to be significantly different from the curve r = 1 + 2 cos 0¢

On your calculator plot the curves for r =1+ bcosf for b= 1, 2, 3.

{iv) What insight has this given you into the role of b in the shape of the curve
r=1+4bcost?

The questions above all relate to members of a family of curves called limagons;
that is, curves of the form r = a + bcos 8. The special case a = b gives the curve
in figure 7.19.

with b = 2a on page 142.

(‘\\I)
U » You met the limagon

Figure 7.19

(v} Think about a point P moving along the limagon. What happens to the
tangent to the curve at P as P passes through the pole?

150




e Parallel curves

The cartesian curves y = 1+ f(x) and y = f(x) could be said to be, in one sense,

‘parallel’: for every value of x the curves are separated by a vertical distance of
one unit (see figure 7.20).

YA

AR

=Y

Figure 7.20

Is there a similar relationship between the polar curves r = 1 + 2 cos§ and
r = 2 cos 0 shown in figure 7.212

Figure 7.21

The concept of parallel curves is not required in this module. Strictly speaking,
two curves are parallel if every normal to one of them is a normal to the other
and the distance between the points where the normals cut the two curves is a
constant.

Loops, cusps and dimples

Figure 7.22 shows the curve r = k 4 cos 0 for three values of k.

O— O

k=05 k=1 k=15
Figure 7.22

D

The curve with k = 0.5 contains a loop, that with k = 1 a cusp, and that with
k = 1.5 a dimple. Many other curves, and families of curves, whether polar,
parametric or cartesian, display these features.
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EXAMPLE 7.1

Note

At a cusp, two arcs of a curve meet. Tangents at points on the two arcs become
progressively closer to each other as the points approach the cusp. You do not
need to know how to analyse cusps using calculus, but you will need to recognise
them.

The following example concerns epicycloids: curves generated when one circle
rolls around the outside of another. (You met an epicycloid on page 140.) The
example derives the parametric equations governing the path of a point on the
rotating circle and then uses these to find the co-ordinates of the cusps.

A circle of radius r rolls, without slipping, around the outside of a circle of
radius R in an anticlockwise direction. Initially the point P on the smaller circle
coincides with A on the larger circle as shown in figure 7.23.

N
O

(i) State the maximum and minimum distances of P from the origin.

Figure 7.23

(i) Show that the parametric equations describing the path traced out by P are

x:(R+r)cosT—rcos<r+R>T,y=(R+r)sinT—rsin<r+R>T.
r r

{iii) Using your calculator draw the curve with these parametric equations using
the values r = 1 and R = 3. On the same diagram draw the circle, centre the
origin, radius 3.

{iv) Using your answer to (i), or otherwise, work out the co-ordinates of the
cusps on this curve.

{v) With r = 1, a different value of R results in the curve shown in figure 7.24.
State the value of R used here and find the co-ordinates of the points where
this curve crosses the x axis.

=Y

-
Np

Figure 7.24



SOLUTION

(i) The minimum distance is R, as in the initial position, and the maximum
distance is R 4 2r when the line OP passes through B, the point of contact
of the two circles (see figure 7.25).

( .

Minimum distance = R Maximum distance = R + 2r

Figure 7.25
(i)

Figure 7.26

Since the circle rolls without sliding, the arc lengths BA and BP must be
equal. Therefore, with T and ¢ measured in radians, we have RT = r¢.

Then@=&+@=m+r><°?”) _r(C?S<T+¢>).
sin T sin(T + ¢)

P
Figure 7.27

I R . .
Substituting ¢ = — T leads to the parametric equations
r

r+ R

x=(R+ r)cosT—rcos<
.

>T, y:(R+r)sinT—rsin<r+R>T.

S9AMND JO S3IN}edd H
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{iiiy With r = 1 and R = 3 the curve is as shown in figure 7.28.

{iv)

(v}

YA

=Y

| J

Figure 7.28

There are three cusps. In this example they occur at the points where the
curve is at its minimum distance of 3 units from the pole.

The cusp marked A is at the point (3, 0) and the co-ordinates of the other
cusps can be found using trigonometry and the symmetrical nature of their
positions:

B(—3cos60° 3sin60°) = <

2, 24)

22

C(—3 cos 60°, —3sin 60°) = <— % _ 32ﬁ>

R = 1. In other words, the circle rolls exactly once around the fixed circle
(see figure 7.29).

YA

Cl;o N
NG,

The x axis intercepts are at (1, 0) and (—3, 0). (These are the points where

Figure 7.29

the point of contact of the circles lies on the line OP.)



INVESTIGATION

In Example 7.1 you found the locus of P. Now think about the locus of a point
M which lies on the line CP (produced if necessary) at a fixed distance from C.

A

yi
r 9C
P
Q

\4 =
Z o
=Y

Figure 7.30

Find the parametric equations describing the path of M and use your graphic
calculator to investigate the following statement.

‘If |ICM| < |CP|, the path traced out by M features ‘dimples’ (as in figure 7.31a)
whereas if [CM| > |CP| the path features loops’ (as in figure 7.31b).’

] These are called
,-) epitrochoids.

YA

A
&

=Y
=Y

W,

(a) (b}
Figure 7.31

Symmetry and nodes

It is often the case that as a curve is traced out, it crosses over itself. These points
are called nodes (or crossover points).

For parametric curves, if two values of the parameter correspond to the same
pair of co-ordinates then this is a node. Example 7.2 illustrates a method for
finding the co-ordinates of such points using the symmetrical nature of the
curve in question.

S9AMND JO S3IN}edd H
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EXAMPLE 7.2

Figure 7.32 shows the curve with parametric equations x = sin 2¢, y = sin 3t.

YA

o]
>
B J

Figure 7.32
Draw this curve on your calculator, noticing the symmetry in both the x and y axes.
{i) 'What range of values for ¢ is necessary in order to plot the entire curve?

The substitution ¢+ — 7 — t corresponds to a reflection in the y axis:

x =sin2(n — t) = sin (2n — 2t) = —sin 2¢,
y =sin3(n — t) = sin (37 — 3¢) = sin 3¢

{ii) Find the substitution that corresponds to a reflection in the x axis.

{iii} Find the co-ordinates of the points where the curve crosses the x axis and
the corresponding values of ¢.

{iv) Using your answer to part {iii) and the graph, write down the two pairs of
values of ¢ corresponding to the nodes A and B.

From the graph the other nodes appear to lie on the lines x = 1.

(v) Working with this assumption, find the co-ordinates of the node in the first
quadrant and verify that two values of ¢ in the range 0 < ¢ < m do indeed
give this point.

SOLUTION

i 0<1t<2m
{ii) As the curve is plotted on the calculator it can be seen that the relevant
substitution is ¥ — ¢ 4 7:
x =sin2(t + ) = sin (2t + 27) = sin 2t,
y = sin3(t + n) = sin (3t 4+ 37) = —sin 3¢

YA

1
(sin2¢, sin37)

<Y

(sin2(t + ), sin3(t + m))

Figure 7.33
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-2 5 X
-1
Figure 7.34
{iv) AtA<£,O), t:ﬁ) 4_n
2 3 3
AtB<—£,0>, p= 28 O%
2 3 3
1 41 @ 5t 13n 17z
v) x=— = 2t=sin —=—, —, —, —.
2 2 6 6 6

Tracing out the curve as ¢ increases from ¢ = 0 at the origin we require the
first and fourth times the curve passes through the line x = 1.

371\/5

t=— = sin3t=sin—=—
12 12 2

t:17—7z = sin3t=sin51—n=£
12 12 2

V2

Therefore the node is (% s 7) and this corresponds to the values of the

L1 177
parameter t = —and t = —,
12 12

Use your calculator to plot the curve x = sin 2¢, ¥ = cos 3¢. Explain the
similarities and differences between this curve and the curve with parametric
equations x = sin 2¢t, y = sin 3.
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EXAMPLE 7.3

Asymptotes

In AS Further Pure Mathematics (FP1), Chapter 3 you looked at horizontal and
vertical asymptotes of cartesian graphs. For example, you should be able to

explain why the graph y = 4 4

2

X —

3 in figure 7.35 has a horizontal asymptote

of y = 4 and a vertical asymptote of x = 3.

vA
81 :
____________ Ao
s 4 |
-3 0 13 6 9 *

Figure 7.35

Being able to find horizontal and vertical asymptotes is important. If you feel

unsure about this you should refer to your FPI textbook.

The next example introduces oblique asymptotes.

The graph with parametric equations x =

figure 7.36.

is shown in

1+¢7 T Uroa—o

This is called an
oblique asymptote.
It is not parallel
to either axis.

Figure 7.36

B |

g R N
\

Draw this graph on your calculator, paying attention to the way in which it

unfolds as the value of the parameter t increases from —5 to 5.

{i) State the equation of the vertical asymptote.

(ii) By eliminating ¢, show that the cartesian equation of the curve is

2

y= 4x . Write this in the form y = Ax + B+

Cax—1

, where A, B

2x—1

and C are constants, and explain how this gives the equation of the oblique

asymptote.



SOLUTION

() It can be seen from the calculator that the vertical asymptote is x = 1.

Note

4

A more analytical approach involves thinking abouty = —————
yhieatapp 9 Y= hvoa—o

as t approaches 1.

As t — 1from above, y = 4 becomes increasingly large and negative.
1+(1-1
As t — 1 from below, y = 4 becomes increasingly large and positive.
(1+001-1)
Whent=1,x= L l. Therefore the vertical asymptote is x = 1.
1+t 2 2
. 1 1—x 1 X
(i) x=——=1= and = .
1 X 1—¢t 2x-—1 Notice that, as x - 3,
= 42 =00
Therefore ST B
1 1 4x2 showing that the vertical
y=4x l—l—txl—tzzx—l‘ asymptote is x = 3, as in part {i).

Since 4x* = (2x — 1)(2x + 1) + 1 then

4x° 1
y=—2 = 2x+1+ .
2x—1 2x—1
As x — 00, — O0andso y — 2x+ L.
2x—1

Thus the equation of the oblique asymptote is y = 2x + 1. Figure 7.37
shows the graph and the oblique asymptote y = 2x + 1.

=Y

Figure 7.37

2
ax to find Q
2x — 1 dx
What is the significance of the limiting value of % as x — oo?
X

Use the quotient rule on y =

S9AMND JO S3IN}edd H
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Families of curves

All the parallel lines of the form y = 3x + ¢ can be thought of as belonging to a
‘family’ of lines, the common property being that they all have a gradient of 3.

What is the common property of the family of quadratics shown in figure 7.38?

=Y

v

w4

\

Figure 7.38

In the investigation on page 149, you looked at the curve with parametric
equations

x=4cosT+2cos3T, y=4sinT+ 2sin3T.

This curve can be thought of as one of the family of curves described by the
equations

x=4cosT+2cosnT, y=4sinT+ 2sinnT.

When 1 = 3 these give the ‘fairground ride’ curve in figure 7.39.

=Y

Figure 7.39



Other values of n give very different graphs, as shown in figure 7.40.

Y Y y y
i % W x x
n=-5 n=-2 n=1 n=2
Figure 7.40

The important question to ask yourself is
e How does the value of n influence the general shape of the curve?

For this particular family of curves it is helpful to consider x* 4 y*. As with all
cartesian and parametric curves, this expression gives the square of the distance
of a point on the curve from the origin.
With

x=4cosT+2cosnT, y=4sinT+2sinnT

we have

x +y2 = (4cos T + 2cos nT)* + (4sin T + 2sin nT)*

= 16(cos’ T + sin’T) + 4(cos’nT + sin’nT)
+16(cos T cos nT + sin T'sin nT)

=20+ 16cos(n—1)T

From this we can see that

e the maximum distance from the origin is v/20 4+ 16 = 6 units and
e the minimum distance from the origin is /20 — 16 = 2 units.

Therefore each graph will be bounded by the circles of radii 2 and 6, centre the
origin.

How does x* 4 y* = 20 + 16 cos (n — 1) T help to explain the number of cusps
or loops each graph possesses?

saAIND JO saljlweq H
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The parametric equations on the previous page can be modified to give other
families of curves.

o Family A: x=4cosT+ kcosuT, y=4sinT+ ksinnT
e FamilyB: x=4cosT — kcosnT, y=4sinT — ksinnT
® Family C: x=4cosT+ kcosnT, y=4sinT — ksinnT

Using various values for k and n, explore these families using a graph-plotting
package.

How do the values of k and # affect the shape of the graph?

Finally, a word of warning,.

Suppose you were asked to decide which graph in figure 7.41 shows the curve

X =2

y= , known as the trident, without using your calculator.
x
A B Cc D
Figure 7.41

Although these four graphs look very different they are all a result of entering
3

X . L
y= on a graphic calculator and choosing different ranges for the axes.
x

The correct one is graph C, shown here with the axes limits set at

—3<x<3, -7<y<7.

The other ranges used are

M —01<x<0.1, —100<y < 100
i) —3<x<3, -2<y<2
(i} —50 < x <50, —1000 < y < 1000.

Without using your calculator, match these with graphs A, B and D.

When using your calculator to investigate curves it is important that you are
aware of the limitations of the calculator (as seen in graph A) and the
importance of ensuring that the range you choose (for x, y, 0, etc.) does give the
whole picture.




1 Look at the graphs of y = 4 + 2 cos 3x and r = 4 + 2 cos 30 and the table
showing their related properties.

M

YA

p y=4+ 2cos3x r=4+ 2cos30
4_
2_
x 2@ 7 4m s 2w ¥
3 3 3 3
Cartesian: y = 4 4 2 cos 3x Polar: r =4+ 2cos3 0
Ymax =4+ (2 %x1)=6 r =4+ 2cos 360 touches circle r = 6
Ymin =4+ 2 x -1)=2 7 = 4 + 2 cos 36 touches circle r = 2
y = 4 + 2 cos 3x is periodic, 7 = 4 + 2 cos 36 has rotational
with period £ x 27 symmetry of order 3

Use the cartesian graphs below to think about the properties of the
corresponding polar curves, including cusps, loops and rotational

symmetry. Copy and complete the tables (without using your calculator
to draw the polar curves).

fa) ¥ =3(1 4 cos2x)

YA
61 y=3(1 + cos2x)
4_
2_
0 N
2 2
y = 3(1 + cos 2x) r = 3(1 + cos26)
Ymax = 6
Ymin = 0

y has period 1 x 27

y is an even function

. os1919x3 H
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) y=1+2cosx

YA
4_
3_
2 y=1+2cosx
1_
G T T T ?
z 2z 7 4 Sn
—14 3 3 3 3
_2_
y=1+2cosx r=1+2cos @
Ymax =3
4in

2
y<0for?n<x<

Ymin = -1

¥ has period 2n

(i) Check your answers by plotting the polar curves r = 3(1 4 cos 26) and

r = 1+ 2cos 6 on your calculator.

The curves with parametric equations x = cos t(1 + cos™" t),

y = sin t(1 + sin®" t) are shown below for different values of .

7\
Y

Y
2

\
FZ

-2
n =50

Y

(it Find the closest distance from the origin to the curve in terms of .

(i) Describe the curve as 1 — 0.



2
3 The diagram below shows the graph of y = % and its vertical
x —

and oblique asymptotes.

YA
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'
]
'
'
]
'
'
]
'
L
'
'
'
]
'
'
1
'
f
i
'

5)
2 [—
(i) Express 2x ox—2 in the form Ax + B + .
2x —1 2x —1
(i) Write down the equations of the vertical and oblique asymptotes of the
2
graph y = 2x2+¢ Check your answer by drawing them on your
x —
calculator.

(i) Find all the asymptotes (horizontal, vertical and oblique) of the
following graphs.

@) _ 5—2x b) _ x(2x—1)
Y 2x—3 7 x—1
3 2
x +2x —8x— 18 1 t
e) y= d x=——moy\ =—
Y x2 -9 t+1 Y t—2
@ x=——, y=_12
—3 YT g

4 (i) Show that x = cos’ T, y = sin’ T are parametric equations for the curve
2, 2
x4y =1
{ii) Draw a sketch of this curve for 0 < T < 2. The curve is an astroid.

Now investigate the family of curves of the form x = +cos" T, y = £sin" T,
starting with cases for which n = 0.

{iii) Explain why the parametric equations include the £ signs.
{iv) Find the values of n for which the curve is
{a) a circle {b) a point

n .
{¢) asquare at an angle of 1 to the co-ordinate axes.
{v) Describe what happens to the curve in the cases when
fa) n— +oo (b) n— 0, for positive values of n.

{vi} Complete your investigation by drawing some typical members of the
family of curves for negative values of »n.
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5 A circle of radius r rolls around the inside of a circle of radius 4r.

o
NP,

YA

=Y

P x
Initial position General position
YA
Arc lengths PA and
A AB are equal.
Therefore r¢p = 4T.
¢
P
P
T B -
} »
4r x

(i Using the diagram, show that the co-ordinates of P are
(3rcos T+ rcos{¢p — T), 3rsin T — rsin (¢ — T)).

(i) Eliminate ¢ (by using r¢p = 4¢T) to show that the parametric equations
for the locus of P are

x =4rcos’ T, y= 4rsin’ T.
{iii) Draw this curve on your calculator using the value r = 1.

If the radius of the smaller circle is increased to 3r, the parametric equations

x = 4rcos’ <Z) , y=—4r sin’ <Z>
3 3

{iv) Draw this curve on your calculator and explain, with reasons, the

become

similarities and differences between this and the curve in part (ii).



6 (i) State the type(s) of symmetry which each curve below possesses, and
prove this algebraically.

@ y*(y* — 96) = x*(x* — 100) (the electric motor)

i«

b x*+ x2y2 +yt = x(x? — yz) (the trefoil)

. os1919x3 H
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e} X’ 4y’ = 3axy (the folium of Descartes)

3

N7

X

(i) The parametric equations for the folium of Descartes are

_ 3at _ 3at’
1+ "1 e

Let the point on the curve with parameter ¢ have co-ordinates (x, y).
. . 1 .
Show that the point with parameter — has co-ordinates (y, x). What
t

does this imply for the symmetry of the curve?
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7 (i} Explain the effect that the matrix M = <_(1) (1)) has on points in the

plane.

The Maltese cross, shown below, has cartesian equation
xy(x® — y*) = x* + ¥

=
=Y

_2_
—3 [\
_4_
{ii) Prove that if the point P(a, b) lies on the curve then the point Q(c, d)
c 0 1 a .
where <d> = (_1 O) <b> also lies on the curve.
(i) Explain the geometrical significance of your answer to part (ii).
8 A curve, C, has parametric equations x = sin T, y = cos T.
(it Describe C.
C is transformed into a family of curves by the matrix < _]1( ]1{) , for

different values of k (positive and negative).

(i) Enter several members of the family onto your calculator and then
describe the family.

i) Justify your answer to part (i) using algebra and trigonometry.

{iv Prove that C is the smallest member of the family.

9 (i} Enter the parametric equations x = 2sin ¢ + sin 3¢, y = sin 2¢ + sin 4¢
into your graphic calculator. Plot the curve and notice how the curve
unfolds as ¢ increases from 0 to 27.

YA

=Y




10

(i) Explain carefully how substituting 7 + ¢ and = — ¢ for ¢ shows that the
curve is symmetrical in both the x and y axes.

In addition to t = 0, t = n and ¢ = 2x, which give the node, or crossing
point, at the origin, there are six other values of ¢ in the range 0 < t < 27
that correspond to points where the curve cuts the x axis.

(i) Find the six values of t corresponding to points on the x axis, and find
the co-ordinates of these points. State clearly which pair of values of ¢
correspond to each of the nodes.

{i) On your calculator draw the circles centre the origin, with radius 1 and
radius 3. You may wish to set the axes so that these do indeed look like
circles.

(i) By considering x* 4 y*, or otherwise, prove that the curve with
parametric equations

x=2cosT+sinkT, y=2sinT+ coskT

will touch but not cross these circles for any positive integer value of k.
{iiiy. On your calculator draw the curve

x=2cosT+sin2T, y=2sinT+ cos2T,

along with the two circles.

{iv) Using part (ii) and the symmetrical properties of the curve, calculate the

co-ordinates of the cusps. You may assume that the curve possesses
rotational symmetry.

The diagram below shows the two circles and the curve with parametric
equations

x=2cosT+sindT, y=2sinT 4 cos4T.

y

&~
o
=Y

{v) Let the node on the y axis have co-ordinates (0, a). Express in terms of
a the co-ordinates of the node in the first quadrant.

. os1919x3 H
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The diagram below shows the graphs of
x=2cosT+sinkT, y=2sinT+coskT fork=3andk= -5
both of which possess rotational symmetry of order 4.

YA

=Y

{vi} Experiment with curves of this form on your calculator. Write down the
two values of k which would give graphs with rotational symmetry of
order m.

11 A family of curves has parametric equations
x=sin8+ acosbf, y = cosf+ asinbl

where a and b are integers with a > 2 and b = 1. One member of this family
of curves is shown below.

YA
K7Z
AU
-2

{i) Given that, for this particular curve, a = b, find the values of a and b
and plot this curve on your calculator.

{ii) The curve crosses the x axis at three points: (—3, 0), (—1, 0) and one
other point. Calculate the exact co-ordinates of this third point.

You may assume that this curve has rotational symmetry of order 3.

(i) Using your answer to part (ii), write down the exact co-ordinates of the
three nodes on the curve.



INVESTIGATION

Think about the general curve with parametric equations
x=sinf 4+ acosbl, y = cosf + asin bb.

{iv) Find expressions in terms of a for the greatest and least distances from
the origin to this curve. Hence give the equations of the two circles
which the curve touches but does not cross.

(v) Explain briefly in words the effect that
(a) changing a has on the curve (b) changing b has on the curve.

The superellipse

On your calculator or using a graph-plotting package, experiment with curves of
the form |x|" + |y|" = 1. Using a calculator, you will probably need to enter the
two curves y = (1 — |x|")% andy = —(1 — |x|")% (with your own choice of n)
and set the limits —1 < x < 1 and —1 < y < 1. (Your calculator may use the
terminology ‘abs(x)’ for |x|.)

When n = 1 the curve is a square and 1 = 2 gives a circle (see figure 7.42).

2N
U

-1

Figure 7.42

What happens for large values of n?
Which value of n do you think gives the most aesthetically pleasing curve?

When n = 2.5 the curve is a superellipse, shown in figure 7.43.

an
.

-1

Figure 7.43

n

a

If you extend your search to curves of the form %

. a
= 1, what ratio n

n
"

gives the most pleasing shape now?

. os1919x3 H
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Historical note

The term ‘superellipse’ was coined by the Danish mathematician, philosopher and poet Piet Hein. He
believed that the superellipse was the most aesthetically pleasing shape to the human eye, being a
compromise between the circle and the square. Many architects and designers agree and have used
the superellipse in their work.

Using calculus

Investigation of curves !

So far you have looked at features of curves which can be found by algebraic
techniques. In this section you will see the role that calculus plays in analysing
curves.

For curves described by cartesian equations you know that stationary points are

found by solving the equation % = 0. In this section calculus techniques are
x

also used to find

o the maximum and minimum distances of the curve from the origin (or pole)

® points on curves where the tangent is parallel or perpendicular to the x axis
(or initial line)

o the equations of the tangent and normal to a curve at a given point.

® o ror polar curves, what is the geometrical significance of points where

dr d d
@ —=0 (b) —(rcos0) =0 (e} —(rsinf) = 0?
do do ( ) do ( )
(i) For parametric curves, what is the geometrical significance of points where
dx dy
faA — =0 by — =07
T dr

Distance from the origin or pole

For cartesian and parametric curves the maximum and minimum distances of

the curve from the origin can be found by considering extreme values of x* + y*

as on page 161.

For polar curves % is the rate of change of r with respect to . At those points

. .. dr
where the value of r reaches a maximum or a minimum value then 0 =0.
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As an example think about the curve with polar equation r = a + bcos § where
a > b, shown in figure 7.44.

Figure 7.44
Differentiating r = a 4 b cos 0 with respect to 0 gives % = —bsin 6. To find the

. . . dr L
maximum and minimum values of r, solve the equation 0 0. This gives

sin@ = 0 and so cos @ = V1 — sin” @ = %1. Finally, substituting these values of
cosf into r = a+ bcos B gives rpy = a+ bwhencosO=1land ryy, =a—»b
when cos 0 = —1.

Note

For this particular example it is possible to find the maximum and minimum
distances from the curve to the pole without using calculus. Since the range of
values taken by cos @ is —1 < cos 6 < 1, then the maximum distance from the pole
to the curve is r,., = a+ b{1) = a+ b and the minimum distance is

I'mn = @ + b(—1) = a — b. These, not surprisingly, agree with the maximum and
minimum distances of the curve from the pole found using calculus.

The curve r = 3 4 cos 0 + sin 0 is shown in figure 7.45. What are the maximum
and minimum distances of the curve from the pole?

Figure 7.45

Maxima and minima
Returning to the fairground ride curve on page 149, the parametric equations
x=4cosT+2cos3T, y=4sinT+ 2sin3T

give the curve in figure 7.46.

sninojes Buisn H
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y
P
W g

As the point P moves around this curve the tangent to the curve at P is parallel

Figure 7.46

to the x axis at six points. At each of these points the rate of change of y with

. . d
respect to T is zero, i.e. & _o.
dT

y=4sinT+2sin3T = j—;=4cosT—|—6cos3T.

In order to solve the equation ccll_;/" = 0 you first need to find ccll_;: in a useful form.

ﬂ=4cosT+6cos3T

i
=4cos T+ 6(4cos’ T —3cos T)
=24c08’ T — 14cos T

=2cos T(12cos* T — 7).

Therefore, when ﬂ =0,cosT =0, 4 /l or —4 /l.
dT 12 12

e Using the trace function on your calculator, verify that the points on the
curve corresponding to these values of T are indeed the points where the
tangent to the curve is horizontal.

What are the advantages of solving j—; = 0 rather than Y =0

dx

Similarly, at the points where the tangent is vertical, the rate of change of x with
respect to T is zero.

Solve j—; = 0 and so find the co-ordinates of the points on the curve at which

the tangent to the curve is parallel to the y axis.



EXAMPLE 7.4

Gradients: tangents and normals

You already know how to find the equations of the tangent and normal at a

. . d
point on a cartesian curve. For example, on the curve y = 2x°, d_y = 6x* and so
X

the gradient of the curve at the point P({, 1) is 6 x (%)Zz 3. Therefore the

tangent is y — 1 =2 (x — 1) and the normal is y — 1 = — 2 (x — 1).

YA

Figure 7.47

As with cartesian curves, you can find the equations of the tangent and normal
at a point on a curve defined parametrically.

A circle of radius a rolls along a straight line.

(il Draw a rough sketch of the path followed by a point on the circumference
of the circle highlighting any important characteristics.

Figure 7.48 shows the general position of the circle where the centre of the circle,
C, has moved from its initial point with co-ordinates (0, a) to the point with co-
ordinates (d, a). The point marked P was initially at the origin O.

=Y

Figure 7.48
Let /PCQ =T.

(i) By using the fact that the arc length PQ is equal to the length of the line
0Q, show that the parametric equations of the curve traced out by P are

x=a(T—sinT), y=a(l—cosT).

sninojes Buisn H
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This curve is called a cycloid. The tangent to the cycloid gives the direction in

which the point P is moving.

(i) Find the equations of the tangent and normal to the cycloid at the point

with co-ordinates (a(T — sin T), a(l — cos T)). Show that the normal passes
through the point with co-ordinates (a7, 0) and explain the geometrical
significance of this point.

SOLUTION

M

(i)

The curve is symmetrical about the line x = na and the highest point has
co-ordinates (ma, 24a), as in figure 7.49.

y
2a

(0] | 2ma X%
Figure 7.49

/PCQ = T radians and |0OQ| = 4.

Since the arc length PQ is equal to the distance OQ, then aT = d. Referring
back to figure 7.48,

xp=d—asinT=aT —asinT and y =a—acosT.
Therefore, the parametric equations of the cycloid are
x=a(T—sinT) and y=a(l —cosT).

dx

{iiy — = a(1 — cos T) and ﬂ = asin T. Therefore
dt dt

dy _  asinT _ sinT
dx a(l—cosT) (1—cosT)

The equation of the tangent is
sin T

—a(l—cosT) =—2° (x—a(T —sinT
y—a(l —cosT) (1—cosT) (x — a( sinT))
and the equation of the normal is
y—a(l—cosT) = —M—%n(x— a(T —sin T)).
sinT

Substituting y = 0 shows that the point (aT, 0) lies on the normal.



When the circle is in the position shown in figure 7.50, (aT, 0) is the point
where the circle touches the line.

P(a(T — sinT), a(l — cosT))

=Y

0 \ QT 0)
normal

Figure 7.50

2na 27
Given that the area under the cycloid in figure 7.51 is J ydx = J yccll_; dT,
0 0

show that this area is three-quarters of the area of the containing rectangle.

YA

2a

Figure 7.51

Finding the equations of the tangent and normal to a polar curve is beyond the
scope of this book. As seen in Question 12 of Exercise 7A, straight lines
(including tangents and normals) do not lend themselves to being expressed in
polar form. The following activity shows how you can use your calculator to
find the equation of a tangent to a polar curve.

Figure 7.52 shows the curve r = sin®  for

0<f< g P is a point on the curve and

. P
L is the tangent to the curve at P.
On your calculator draw the curve r = sin® 0 “L
for0 <0<z, -
2
Given that the line L makes an angle of % with Figure 7.52
the initial line, show that the polar equation of
L is of the form r = ;
cos 0 4 sin 0

Using your calculator, find the value of ¢ to an accuracy of 2 decimal places.

N
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1 On your calculator experiment with polar curves of the form r = k + cos 6,

where k > 0.
When k = 1, the curve generated has a cusp.

(il Write down the range of values of k for which the curve
{a) contains a loop (b} contains a dimple ({¢) is convex.

(i) Using x = rcos 8 and y = rsin 0 find parametric equations for this
curve with parameter 6.

(i) For those values of k where the curve contains a dimple, explain why
there must be four values of 0 between 0 and 2 satisfying the equation
dr _
do

{iv) By considering the number of values of § satisfying % = 0, explain how

0.

this shows that the curve makes the transition from having a dimple to
becoming convex when k = 2.

The diagram below shows the curve with parametric equations
x=sin2T, y=sin3T.

Enter these on your calculator, noticing the symmetry in both the x axis and
the y axis.

(it The curve passes through the origin. Find the two values of T
corresponding to this, and the gradient of the curve for each of these
values.

(i) Find the values of the parameter T between 0 and % corresponding to

the points on the curve where the tangent to the curve is
{a) vertical (b) horizontal,
and use these to write down the co-ordinates at these points.



3 The diagram shows the graph
of r = cos B + sin 6.
(i) Prove that the maximum distance

from the pole to th is /2. >
rom the pole to the curve is v/2 < >

DL 9s1049X3 H

The graph of r = cos” 0 + sin” 0 is shown below for various positive integer
values of n.

Q. (- O
.

(i) For r = cos" 6 + sin” 6 find % in terms of .
(i)} Using your answer to part (ii) explain why the maximum and minimum
distances from the pole to the curve r = cos” 8 + sin” § correspond to

values of  which are multiples of %

{iv) In the case where 7 is an even integer, find the minimum distance from
the pole to the curve in terms of n.

4 On your calculator draw the curve with parametric equations
x=sint, y = sin4t.
This is called a Lissajous curve.
(i) By using the trigonometric double angle formulae show that
sin* 4t = 16sin” #(1 — sin® £)(1 — 2 sin® 1)°
and hence write down the cartesian equation of this Lissajous curve,
expressing y* in terms of x.
(ii) Using your answer to part (i) or otherwise prove that the curve is
symmetrical in both the x axis and the y axis.
{iii) There are three nodes (or crossover points) on the x axis. Find their
co-ordinates and the corresponding values of the parameter ¢.
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. . d
{iv) The horizontal tangents to the curve occur at points where d_y = 0. Use
t

this fact to explain why the y co-ordinates of all points where the
tangent is horizontal are either 1 or —1.

2

5 The graph with cartesian equation y = is shown below. The point

2x—1

S has coordinates (%, %)

Investigation of curves !

[N

=Y

(i} Draw this graph on your calculator.

The line passing through the point S with gradient m where m > 5 meets
the curve at P and Q.

(i) Show that S is the mid-point of PQ and that the gradients of the
tangents at P and Q are both equal to 1 — m.

6 (i) Enter the parametric equations
x=2sint +sin3t, y =sin2t + sin4t

into your graphic calculator. Plot this curve, called a harmonograph, and
notice how the curve unfolds as ¢ increases from 0 to 27.

YA
24 A

=Y

(i) The curve passes through the origin twice. Find the gradient of the two
branches of the curve at this point.

{iii) The tangent to the curve has gradient 0 at eight points. Show that at these
points the parameter ¢ satisfies the equation 4 cos” 2t 4 cos 2t — 2 = 0
and use this to find the co-ordinates of the point marked A.
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3 —
Draw the graph of y* = o

on your graphic calculator (entering

x
T 3 _
y= \/ﬁ and y = _\/ﬁ if necessary).
X x

The curve has one vertical asymptote of x = 0 and two oblique asymptotes.

(i)

Giii)

(iv)

(v}

The cardioid has polar equation

By considering the behaviour of y* as x — oo write down the equations
of these two oblique asymptotes. Check your answer by drawing these
oblique asymptotes along with the curve on your graphic calculator.
Calculate the co-ordinates of the two points on the curve where the
tangent to the curve is horizontal. Check your answer by using the trace
function on your calculator.

By using the substitution x = rcos 6, y = rsin 6, show that a polar form
of the curve is 2 = r° cos 0 cos 20.

Use this form to show that

3%(:059(:0529 = rsin (5 — 6sin’ ).

Hence find the minimum distance from the origin to the curve. Check
your answer by drawing the circle with this radius, centre the origin, on
your graphic calculator.

r = 2a(1 4 cos ). A chord passes through
the pole and meets the cardioid at P and Q.

M
(i

(iii)

{iv)

(v)

Prove that, for any such chord, |[PQ| = 4a.
Show that the parametric equations of the Q
cardioid are

x=a(2cos0+ cos20 + 1), y = a(2sinf + sin20).

Find d_x and Q and hence show that ﬂ = —cot ﬁ

do do dx

Prove that the tangents to the curve at P and Q are perpendicular to
each other.

Using your answer to part {iii), prove that there are exactly three parallel
tangents to the cardioid with any given gradient.

DL 9soL9X] H
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2

9 The graphs of x = lgft and y = Sat are shown below (for a > 0).

13 Y 1+1¢

‘J X, Y

(i}

Investigation of curves !

~Y

y= 3at?
1+7

(0] (0]
= 3at
1+7

Write down the equation of the vertical asymptote in each case.

The folium of Descartes has parametric equations

(i

(iii)

(iv}

10 The graph of r =

_ 3at y= 3at’
147 14+
Draw the folium of Descartes on your calculator and, using the graphs

above or otherwise, describe the way in which the curve unfolds as ¢
varies from ¢t = —10 to t = 10.

. Ldy . . .
Find < in terms of ¢ and use this to show that as t — —1 the gradient

x

of the curve approaches —1.

Show that x + y = L.
2—t+1

By considering the value of this expression as f — —1, deduce that

x~+ y + a = 0 is an oblique asymptote to the curve. (You can check this
result by drawing the line x + y + a = 0 and the curve on your
calculator for several values of a.)

sin 6

is shown below for 0 < 0 < 2x. The tangents to the

curve are parallel and perpendicular to the initial line at B and C respectively.

(i}

Using Maclaurin’s expansion for sin x show that, for small x,
2

sin x X . . .
~1— o and use this to write down the polar co-ordinates of

x
point A,

At point B, %(rsin 0) =0.

(i

182

sin 8(26 cos € — sin )

Show that i (rsin@) = >
de 0
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(i) Using the Newton—Raphson method to solve
f(6) =20 cos@ — sinfl =0,
find the value of 8 at B to an accuracy of 5 decimal places and write

down the corresponding value of r sin 6.
(iv) Find the values of 8 and r cos 0 at point C.

DL 9s1049X3 H

The graphs of x" + y" = 1 for some values of n are shown below.

YA YA YA

1
1
=Y

o} o} o}

 Using your calculator, familiarise yourself with this family of curves for
values of # in the range 0 < n < 3.

A point P(p, q) lies on the curve x" + y" = 1.
(i) Show that the tangent to the curve at P has equation p" 'x + ¢" 'y = 1.
This tangent crosses the axes at points A(X, 0) and B(0, Y).

(i) Show that X ™7 + Y ™7 = 1.
{iv) Deduce that AB has constant length for all positions of P if and only if
n = 2. (This is the astroid, S+yF=1)

The line L makes an angle of %T with the initial line.
¢

(i) Show that the polar equation of L is of the form r = ————.
cos 0 + sin 0

The diagram below shows the curve r = sin 0 for 0 < 0 < g and the

e . . c .
straight line, L, with equation r = . In the diagram, ¢ takes

cos@ +sin 0
the value 1.
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Conics

Historical note

(i) Using your calculator find, by trial and improvement, the value of ¢, to
an accuracy of 1 decimal place, which results in L being a tangent to the

curve r = sin 6.
c

——————in
cosf +sin 0
cartesian form, and hence find the exact values of ¢ for which the line is

(i) Express the curve r = sin § and the straight line r =

N NSNSt A

a tangent to the curve.

The family of curves called conics takes a central place in mathematics, having a
long history, a rich geometry, and many important applications. You have
already met some members of the family: parabolas, ellipses and hyperbolas.
This section shows that these curves truly are a family, and explores their
similarities and differences.

The Greek mathematician Apollonius of Perga (c.262-190 BC) wrote an eight-volume study of conics,

building on earlier work. The astronomer Johannes Kepler gave conics new importance when he

announced in 1609 that the orbits of the planets are ellipses, and in The Two New Sciences (1638)

Galileo Galilei showed that the path of a projectile is a parabola.

Focus—directrix property

On squared paper draw a set of parallel vertical lines 1 ¢cm apart, and label one of
these d. Mark a grid point S 3 cm from d. Draw circles with centre S and radii
2,3, ...cm. Mark the points of intersection of the circle with radius r cm and
the line  cm from d for several values of r. Connect these points of intersection
with a smooth curve.

P
Scm
5cm
This diagram shows two
S points onbthe curve,
3cm corresponding to r = 5.

Figure 7.53

The curve you have drawn is a parabola. The parabola can be thought of as one
of a family of curves characterised by a similar property. This property is
described in the following locus problem.



Figure 7.54 shows a fixed point S and a fixed line d. The point P moves in such

N

. PS . .
a way that, at all times ||PM|| = ¢, where e is a constant called the eccentricity;

m
that is, |PS| = e[PM]|. 3
©
2
o
~
0

M is chosen on

Py [ M d so that PM is

perpendicular to d.

W

Figure 7.54

When e = 1 the procedure to find the locus is the same as the one you used in
Activity 7.7. Therefore the curve is a parabola.

Adapt the method used in Activity 7.7 to draw the curves for e = 4 and e = 2,
and explore the curves generated by other values of e.

A natural way to attempt an analysis of this family of curves is to use polar co-
ordinates, taking the point S as the pole and the line through S which is
perpendicular to d as the initial line. In the terminology of conics, the point S is
called the focus of the conic and the line d is called the directrix.

Figure 7.55 shows the focus S, the directrix d, and the point P, satisfying the
condition |PS| = ¢|PM|. The polar co-ordinates of P are (r, §) and the
perpendicular distance from S to d is k.

Figure 7.55
The polar equation of the curve follows directly from the property |PS| = e|PM]|:

[PS|=r, |PM|=k—rcosf§ = r=elk—rcosh)
ek =r+ercos0
ek
r=—
1+ ecos®
Since both e and k are constants, their product, ek, can be replaced by another

I

constant [, giving the polar equation r = ———.
1+ ecos0
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On your graphic calculator plot r = _ for I =4 and
1+ ecos0

i e=0 (i) e=1 (i) e=5 (v) e=2.

What do you notice?

Now repeat this for / = 2. How does changing ! affect the shape of the graph?
I

In general, what can you say about the curve r = —  for
1+ ecos0

M e=1 (i) O<e<]l (i) e>1?

You can see from Activities 7.7, 7.8 and 7.9 above that the parabola, ellipse and
hyperbola are truly a family of curves. These curves are called the conic sections
and the family is defined in the following way.

® A conic is the locus of a point in a plane such that its distance from a fixed
point S is a constant multiple of its distance from a fixed line d, both S and d
being in the plane.

They are called conics because they were originally studied as plane sections of a
right circular cone.

Ellipse Parabola Hyperbola

Figure 7.56

Figure 7.56 shows a double cone standing with its axis vertical. A horizontal
plane not through the vertex cuts the cone in a circle. When the plane is tilted
slightly the section is an ellipse. As the angle of tilt increases the section becomes
more elongated until, when the plane is parallel to a generator of the cone (i.e. a
straight line through the vertex in the surface of the cone), the section is a
parabola. With further tilting, the plane cuts the other half of the cone too, and
the section is a hyperbola. So the parabola is the borderline case, separating
ellipses from hyperbolas.

Cartesian equations of the conics

The method used in Activity 7.8 can be adapted to find the cartesian equations
of the conics. In order to ensure that the resulting equations are relatively simple



it is helpful to choose specific positions for the directrix and the focus as
described below. (You could choose to work with the same focus and directrix
(as in Activity 7.12), but the equations turn out to be more cumbersome.)

o H

The parabola, e = 1

YA

Meé— P(x, y)

=Y

O\ S, 0)

Figure 7.57
Let the line x = —a be the directrix and let the point (a, 0) be the focus. Then

P(x, y) is on the parabola & SP =PM (by definition)
& SPP=PM’
& (x-—a*+y=(x+a)’
e yY=(x+a)’—(x—a)’
= y2 = 4ax.

This is the cartesian equation of the parabola in its standard form.

The ellipse, 0 < e < 1

=Y

0 S(ae, 0)

YR

Figure 7.58
Let the line x = % be the directrix and let the point (ae, 0) be the focus. Then
P(x, y) is on the ellipse < SP = ¢ePM (by definition)
&SP = ¢'PM’

2
RES (3c—ae)2—|—y2 = ez<ﬂ—x>
e 187
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& X —2aex+dé+ y2 =a’ —2aex + X
The same ellipse results
2 2 2 2 2
if you use directix S x(l—-e)+y =a(l—e¢)

= _ 9 and
X = —-g an

2
focus (—ae, 0). = x + _r =1. The point (a, 0)
a?  aX(l-—eé) lies on the ellipse.

Since 0 < e < 1 it follows that @*(1 — ¢*) > 0 and so you can replace this

2

expression by b’, giving
22
x Yy
; + ﬁ =1.

This is the standard cartesian equation of the ellipse.

2 2

Given the equation for an ellipse LIPS 1, how would you find the

eccentricity, the focus and the directrix?

An equivalent definition of the ellipse is the locus of a point P in a plane such that
the sum of the distances of P from two fixed points S and S’ in the plane is fixed.

P
PS + PS’ = a constant. @

An ellipse can be drawn by passing a loop of thread around fixed pins at S and

Figure 7.59

§', and pulling this taut with a pencil pressed against the paper. As the pencil
moves, keeping the string taut, it draws an ellipse.

Draw some ellipses by this method. Describe the effect of changing the
separation SS’ without changing the length of the loop.

The hyperbola, e > 1

YA

Figure 7.60



As with the ellipse, let the line x = a be the directrix and let the point (ae, 0) be
e

the focus. However, since e > 1, the directrix is now positioned between the
origin and the focus (see figure 7.60).

Proceeding as with the ellipse, show that the cartesian equation for the
hyperbola is

2 2
x Y

e =
at  a¥(l—é)

Since e > 1, it follows that a’(1 — ¢*) < 0 and so you can replace this expression
with —b?, giving

2 2
X y

at b

This is the standard cartesian equation of the hyperbola.

2 2

L.X .
By factorising, - % = 1 can be written as
a

GG y

It follows that the hyperbola has oblique asymptotes with equations X 5= 0

a
and < —l—% = 0 (see figure 7.61).
a

Figure 7.61

2 2
On your graphic calculator plot the hyperbola x_2 — % = 1 and the two straight
a
lines = — % = 0and = + 2 = 0 for various values of a and b. You will notice
a a

that the two lines are asymptotes to the hyperbola.

The rectangular hyperbola

In the special case where a = b, the equation of the hyperbola is x* — y* = a’.
The two asymptotes are the perpendicular lines y = x and y = —x. For this
reason this hyperbola is called the rectangular hyperbola.

$91U07)
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[

Figure 7.62

Show that for the rectangular hyperbola the eccentricity is v/2.

So far you have worked with specific foci and directrices, which have resulted in
the standard cartesian forms for the conics. In Activity 7.12 you will see the
effect of using the same focus and directrix for each of the conics.

Using the y axis for the directrix and the point (4, 0) for the focus, show that
[PS| = ¢|PM] leads to the cartesian equation

(x — a) + y2 = ¢?x%
Draw this on your graphic calculator (entering both y = v/e2x2 — (x — a)* and

y=—vext—(x— a)? with a fixed value for a). Investigate these curves for

various values of e > 0.

Parametric equations of the conics
The point P with co-ordinates (at’, 2at) lies on y2 = 4ax for all values of #:
y2 = dax = 4a(at®) = 4a°* = 2at)*.

In addition, every point of the curve corresponds to a unique value of .
Therefore the equations x = at’, y = 2at can be used as parametric equations
for the parabola y* = 4ax.

The standard cartesian and parametric equations of the conics are given in the
table below.

Parabola Ellipse Hyperbola Rectangular
e=1 0<e<1 e>1 hyperbola
e=12
22 2 2

i . LN A * Y _ =
Cartesian form y" = 4dax = + i 1 Z r 1 xXy=¢
Parametric form x = at’ X =acost X =asect x=ct
y = 2at y=bsint y = btant y:%




EXAMPLE 7.5

In Question 1 of Exercise 7A you demonstrated an equivalence between these
parametric and cartesian forms.

For the ellipse, in order to maintain a one-to-one correspondence between the
points on the curve and the values of the parameter £, you need to restrict values
of t to the range 0 < t < 2.

What are the corresponding restrictions, if any, for the hyperbola and
rectangular hyperbola?

Since cosh® t — sinh® # = 1, it would appear that we could use the hyperbolic
parametric equations x = acosh t, y = bsinh ¢ for the hyperbola. Enter these
parametric equations on your calculator and use this to explain why the
parametric equations x = asect, y = btan t are used for the hyperbola in
preference to x = acosh t, y = bsinh t.

Examples
The points T and U of the parabola y* = 4ax have co-ordinates (at’, 2at) and

(au’, 2au) respectively. Find the equation of

(i the chord TU
(i) the tangent to the parabola at T
(i) the normal to the parabola at T.

YA

9

Figure 7.63
A focal chord is a chord which passes through the focus.

{iv} Prove that TU is a focal chord if and only if tu = —1.
{v) Prove that the tangents at the ends of a focal chord meet at right angles on
the directrix (see figure 7.64).

$91U07)
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Figure 7.64

SOLUTION

(i) The gradient of TU is
2at —2au _ 2(t—wu) 2

at® — au? 22— t+u

The line through T with this gradient has the equation

(x — at?)

y—2at = 2
t+u

& (t+uwy—2at(t+u) =2x— 2at’
& 2x— (t+ uw)y+2atu=0.

(Note that this is symmetrical in # and #, as the geometry demands.)

(i) The tangent at T is the limiting position of the chord TU as U — T along
the curve, i.e. as u — . Letting u — ¢ in the equation of the chord (and
cancelling the common factor 2) gives the equation of the tangent:

x—ty+ at’ = 0.
Alternatively, using calculus,

y2=4ax = 2yﬂ=4a = ——=—
dx dx

Therefore the tangent at T has equation
2a 2
—2at = —(x— at™)
y 2at

& ty—2¢1t2=x—at2
& x—ty+at2=0.

{iii) From part (i) the gradient of the tangent at T is l, so the gradient of the
normal is —¢. The equation of the normal is

y—2at = —t(x — at®)
& tx+y—2at —at’ = 0.
192



{iv) The chord 2x — (t + u)y + 2atu = 0 passes through the focus (a, 0) if and

{v)

EXAMPLE 7.6

only if
2a—(t+u)x0+2atu=20
= tu=—1.

The gradients of the tangents at T and U are % and l, and tu = —1.
u

Therefore the product of the gradients is —1, and so the tangents are
perpendicular.

The equations of the tangents are

x—ty+at2=0,
x—uy+au2=0.

® e

Taking @ xu —@ x 1 to eliminate y gives

(u—t)x+at’u—a’t=0
(u—t)x = atu(u — t)

rearranging and factorising

Cancelling (# — 1),
which is not zero since
T and U are distinct.

Al
-~ X = atu

= —asince tu = —1.

Therefore the tangents meet on the directrix.

Find the equation of (i) the tangent (i) the normal to the standard ellipse at

P(acos@, bsin®).

SOLUTION

(i)

x= acos@=>d—x= —asinf and y= bsin@é%z bcosb.

Therefore 4 =— M and the equation of the tangent at P is
x asin 0
y—bsind = —M(x— acos ()
asin
& aysinf — absin® 0 = —bxcos + abcos* 0
< bxcosO 4 aysinf = ab( cos’ 0 + sin® 0)
xcosf n ysin 6 — 1
a b
tii) Using mm’' = —1 for perpendicular lines, the gradient of the normal is &nz.
cos
The equation of the normal at P is
. asin 0
y—bsinf = (x —acos )
bcos

& bycosf — b cosOsin0 = axsin — a* cos 0sin 0

= axsin — by cos = (a* — b%) cos Osin 0.

o H
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EXAMPLE 7.7

EXAMPLE 7.8

2 2

Prove that the equation of the tangent to the hyperbola x_2 — % =1at
a
. t
P(asec, btan ) may be written as xsec &bnf) =1loras
a
X 2ing = cosO.
a b
SOLUTION

x = asecl :%: asecOtan and y= btan@éﬂz bsec” 0.
dé de

dy bsec’0  bsecl

Therefore — = = and the equation of the tangent at P is
dx asecftan® atan
y— btanf = M(x — asec )
atan

& aytan6 — abtan® 0 = bxsec — absec’ 0
& bxsec — aytan 0 = ab( sec* § — tan” 6)

xsect tan 6 .
xsecl yrnv _ 1, since sec’ ) — tan® 0 = 1.

a b
Multiplying throughout by cos 6 and using tan 0 = sz gives the alternative
cos
form = — 2 sin 6 = cos 6.
a

Lines are drawn parallel to the asymptotes through any point P of the hyperbola

: 2
x_2 - % = 1, meeting the asymptotes at H and K.
a

Prove that PH x PK = %(a2 + B).

SOLUTION

By symmetry there is no loss of generality in taking P to be (asec8, btan0) in
the first quadrant as in figure 7.65. Let PH = h, PK = k, and let the angle
between the asymptote and the x axis be ¢.

YA

L r_Y_
a+b 0 a b 0
H
k h
73 P
of KK x

Figure 7.65



Then asecl =kcos¢p + hcosp = k+ h=asecOsecd
and btan 0 = ksin¢ — hsin¢ = k — h = btan 0 cosec ¢b.
So 4k = (k+ h)* — (k— h)*

= a*sec* Osec’ ¢ — b” tan® O cosec® ¢

= (asec ¢)* sec* § — (bcosec ¢)* tan” 6.

aL os1asexg H

But since tan ¢ = ﬁ, asecp = bcosecp = Va* + P
a

(see figure 7.66). Va2 + b?
b
Therefore 4hk = (a*> + b*)(sec’ O — tan® 0) = (&* + b*)
and so PH x PK = %(a2 + 7). a
Figure 7.66

1 The graph of y* + |x* — 9| = 16 is shown below.

AN
S

=Y

(i) Find the co-ordinates of the x and y intercepts and the points A, B, C
and D.

(i) Prove that arcs AB and CD lie on a rectangular hyperbola and write
down its equation.

The graph of y* + a|x* — 9| = 16 is shown below for several values of a.
YA YA
\/O\/ \/0\/

a=2 a=1.5 a=05

YA

Y
=Y

{iii) Show that in general for a > 0 (a # 1) two arcs lie on a hyperbola and
two arcs lie on an ellipse. Write down the equations of these conics in
terms of a.

{iv) Show that, when a = %, these conics meet at right angles to each other
at all four points.
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{v) Find the exact value of a which results in the graph shown below.

YA

=Y

A parabola has parametric equations x = at’, y = 2at.
(i) Find the equation of the tangent to the parabola at the point P(ap®, 2ap).

The tangents to the parabola at the points P(ap’, 2ap) and Q(aq’, 2aq),
where p # g, meet at the point T.

(i) Show that the co-ordinates of T are (apg, a(p + q)).
The mid-point of PQ is M, and the mid-point of TM is R.

{iii) Show that TM is parallel to the x axis.
{ivi Show that R lies on the parabola.
{v) Show that the tangent to the parabola at R is parallel to PQ.
[MEI]

The parametric equations of a parabola are x = at®, y = 2at. P and Q are
two points on this parabola with parameters # and ¢, respectively.

{i) (a) Derive the equation of the chord PQ.
{b) P and Q now vary in such a way that line PQ has a fixed gradient.
Show that f; + & is constant.
{e) Write down the co-ordinates of the mid-point of PQ.
Show that the mid-points of chords of a parabola which are in a
fixed direction, lie on a line parallel to the x axis.
(i) (a) Find the equation of the tangent to the parabola at R(aT?, 2aT).

{b) Show that this tangent will also be a tangent to the circle

2 2 2
x+y =4a

if 2T — T —1=0.
{e) Find the equations of the two real common tangents to the circle

and the parabola.
[MEI]

The focus of the parabola y* = 4ax is the point with co-ordinates (a, 0).
Any chord of the parabola which passes through the focus is called a focal
chord. The directrix of the parabola is the line x = —a.

For the parabola y* = 4ax, prove that a circle which has a focal chord as
diameter touches the directrix.



5 The elliptic trammel is a mechanical device for drawing ellipses.

P

aL os1asexg H

It consists of a straight rod with a pencil at P and pegs at X, Y which run in

perpendicular grooves OX, OY. Prove that if OX, OY are taken as x and y

2 2

Y

axes with PX = b, PY = g, then the locus of P is the ellipse x_2 +—=1

a b?

[Hint: Use the angle 6 shown in the diagram.]

6 (i)

(i)

(iii)

{iv)

(v}

{vi)

Show that the x co-ordinates of the points of intersection of the line

2 2

y = mx + ¢ and the ellipse x_2 + % = 1 (where a > b > 0) satisfy the
a

quadratic equation (a*ni® + b*)x* + (2a*mc)x + a*(¢* — ') = 0.
Deduce that if y = mx 4 ¢ is a tangent to the ellipse, then
2 2
¢ = a®m® + b?, and show that the point of contact is (— anmn b—) .
c <
Use the result in part (i) to prove that the gradients of the two tangents
from the point (X, Y) to the ellipse are the roots of the quadratic

equation

m*(a® — X*) +2mXY + ' — Y* = 0.
Find the condition for this equation to have complex roots, and
interpret this geometrically.
Find the condition for the product of the roots to equal —1. Deduce
that the tangents from the point (X, Y) to the ellipse are perpendicular
if and only if (X, Y) lies on the circle x* +y* = a* + b’ (This is called
the director circle of the ellipse.)
An elliptical disc slides between two fixed perpendicular lines. Prove
that the locus of its centre is an arc of a circle.

2 )’2

7 The line y = mx + ¢ meets the hyperbola x_2 i 1 at P, P, and meets
the asymptotes at Q;, Q,. a

(i)

(i)

(iii)

(iv)

Write down the quadratic equation whose roots are the x co-ordinates
of P, P,, and find the sum of these roots.

Write down the quadratic equation whose roots are the x co-ordinates
of Q;, Q,, and find the sum of these roots.

Hence show that P, P, and Q;, Q, have the same mid-point.

Deduce that P,Q; = P»Q,.
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10

1

12

13

2 2

The tangent at a point P of the hyperbola x_2 — % = | meets the asymptotes

a
at Q;, Q,.

(i) Prove that P is the mid-point of Q,Q,. [Hint: Use Question 7 part {iv}.]
{ii) Prove that as P varies the area of triangle OQ,Q, remains constant.

2 2

Prove that the equation of the normal to the hyperbola x_2 - % =1at

a
P(asecH, btan ) is axsin6 + by = (a*> + b)) tan 0.

This normal meets the x axis at G, and the mid-point of PG is Q. Prove that
the locus of Q is a hyperbola.

Find the co-ordinates of the two points where the hyperbolas x* — y* = 5
and xy = 6 intersect. Prove that the tangents to the hyperbolas at these
points form a rectangle.

Sketch on a single diagram three members of each of the following families
of rectangular hyperbolas:

(A) those with equations x* — y* = 4 for various a
(B) those with equations xy = ¢ for various c.

Prove that every member of family (A) meets every member of family (B) at
right angles, unless a = ¢ = 0.

Find the equation of the normal to the rectangular hyperbola xy = ¢* at the

point P <ct, £> . Prove that this normal meets the hyperbola again at
t

[
Q(—F, — Cts).

The circle with PQ as diameter meets the rectangular hyperbola xy = ¢*
again at N. Prove that PN passes through the origin, and that the normal at
N is parallel to PQ.

The mid-point of the chord joining the points <ct, %) ,and <cT, %) on

the rectangular hyperbola xy = ¢* has co-ordinates (X, Y).

Prove that t + T = 2X and T = %
¢

A variable chord of the rectangular hyperbola xy = ¢* passes through the
fixed point (4, k). Prove that the locus of the mid-point of the chord is
another rectangular hyperbola, and give the equations of its asymptotes.



14 A curve, C, has parametric equations x =sin T, y = cos T.

15

(i) Describe C.
C is transformed into a family of curves by the matrix (ll< If) , for

different values of k. The general member of this family is denoted by K.

aL os1asexg H

(i) Enter several members of the family onto your calculator using various
values of k (but not 1, —1 or 0).
Name the conic they look like and state the equations of the lines that
appear to be their axes.

L1
The matrix M is ( _f f) .
V2 ooV2
(i) State the transformation represented by M.
{iv) Apply the matrix M to the general curve K to obtain the curve E.
Find the cartesian equation of E and hence confirm your observations in
part {ii).
(v} Explain why values of 1, —1 and 0 for k are special cases. Use your
calculator to investigate what happens in each of these cases and explain
your findings.

The diagram below shows the circle S, 2+ y2 = 4%, and the ellipse s,

2 2
X + Y 1. The point P(acos @, asin 6) lies on S.
at b

YA

S P(acos9, asiné)

S’

@]
B

P’ is the image of P under the transformation given by the matrix

10

M=
0o b
a

i) Prove that P’ lies on S’ and, on a copy of the diagram, show the position
of P'.

A second point on the ellipse has co-ordinates (acos T, bsin T)

(i) Explain the geometrical significance of T.

{iii) Write down detM and explain how this shows that the area of the ellipse

is mab.
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16 The diagram below shows the lemniscate r* = cos 20 and the circle r = 1.

P’

N

Investigation of curves !

A half-line, L, is drawn from the pole, O, as shown. L meets the lemniscate

at the point P. The point P’ on L is chosen so that |OP'| = 1

|OP|'
(il  On an accurate copy of the diagram, draw the lemniscate and six such
pairs of points P and P’ in the first quadrant.
(i) Prove that as P moves along the lemniscate, P’ traces out a rectangular
hyperbola.
State the cartesian equation of the hyperbola (where the origin is at the
pole and the x axis is the initial line).

Applying the same process to points on the curve r* = sin 20 also results in
a rectangular hyperbola.

i) Draw the curve r* = sin 20 and the resulting hyperbola on your
calculator.
State the cartesian equation of the hyperbola in this case.

INVESTIGATION

Sinusoidal spirals are curves with polar equation ¥ = cos pf. Figure 7.67 shows
some pairs of sinusoidal spirals for different values of p.

Jroo et

p==*05
Figure 7.67
Investigate other pairs of sinusoidal spirals.

Do they always touch rather than cross?
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1 A rectangle ABCD slides down a wall so that A remains in contact with the
wall and D remains in contact with the ground. M is the centre of the
rectangle ABCD and D is initially at O. BC is of length p and AB is of length q.
The angle that AD makes with the ground at any time is given by T.

B

3. 9s1919%g H

T
o D

(i) Taking OD as the x axis and OA as the y axis, find the parametric
equations of the locus of M.

For the remainder of this question, let p = 8 and g = 6.

(ii) Using your graphic calculator, plot the path of M. Sketch this path,
stating the range of values of the parameter T.

{iiiy By symmetry considerations, or otherwise, state the value of T when the
distance |OM]| is a maximum and find this maximum distance.

Now assume that, rather than sliding down a wall, the rectangle moves in
such a way that A remains in contact with the y axis, as shown, and D
remains in contact with the x axis.

YA

T
O D

B ]

{iv) Explain how the locus of M differs from part (i) above.

{v} Sketch the locus of M in this case. What type of curve might this be?
{vi) Express sin T and cos T in terms of x and y and hence show that the
cartesian equation for the locus of M is 25(x> + y*) — 48xy = 49.
X_Y and y = X+ Y show that this

V2 V2

2
reduces to the ellipse Z(_9 +Y =1

{vii) By using the substitutions x =

Explain carefully what this tells you about the locus of M.
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2 The ancient Greek mathematicians attempted to solve any geometrical

construction problem using just straight edge and compasses. However,
there were three problems that they found they could not solve by these
means: how to construct a circle with the same area as a given square, how
to double the volume of a given cube, and how to trisect a given angle. In
the nineteenth century, it was finally shown that these constructions are
impossible using just straight edge and compasses. However, the Greeks did
devise other ways of solving them, using unusual curves like the one
described below.

OABC is a square of side 1 unit.

When t = 0 the line L lies along OA and the line M lies along AB.

The line L rotates clockwise about O at 1 radian per second and,
simultaneously, the line M drops towards OC at a constant rate, so that L
and M reach OC at exactly the same time.

Point D, the intersection point of L and M, traces out a curve called the
trisectrix.

Y

0O C

(i) If ¢ is the time that has elapsed, in seconds, find the cartesian co-ordinates
of D
(a) interms of f (b) in terms of 0.

(i) Taking the x axis as the initial line and O as the pole, what is the polar
equation of the trisectrix?

i) Plot the trisectrix on your calculator and sketch your result.

{iv) Using the trace function, find the co-ordinates of D when it meets the
X axis,
Why do your answers to (i} and {ii) not give you this information?

Suppose now that a vertical line is dropped from A B
D, cutting OC at E. Then the point F is constructed D
so that EF = 1 ED. Finally the horizontal line FG
is constructed with G on the trisectrix.

F NG
{v) Show that /GOC is exactly a third of /DOC. ': =
O E C



3 (i) The point P with co-ordinates <t, %) is on the rectangular hyperbola

xy = 1. Prove that the equation of the tangent at P is x + yt* = 2¢
(i) The point Q is the intersection of this tangent with the line through the
origin O perpendicular to this tangent. Show that the x co-ordinate of

3. 9s1919%g H

Qis %, and find the y co-ordinate of Q in terms of #. The locus of

Q as t varies through all non-zero values is called a lemniscate.
(i) (a) With the aid of your calculator draw a diagram showing the
rectangular hyperbola and the lemniscate.

{b) By replacing ¢ by 1 in the parametric equations, prove that the line
t

y = x is an axis of symmetry of the lemniscate.
{¢) Prove that the line y = —x is also an axis of symmetry of the
lemniscate.
{iv) The line OQ is extended beyond Q to meet the hyperbola at R.

Prove that OQ x OR = 2.
2 2
4 You are given that the foci of the conic with equation LD A 1, where
4q

p > 0and p > g, are the two points ( £ ,/p — ¢, 0).

(i) Prove that all the conics with equations

2
x2 Y

+ =
7+4 3+4

>

where 1 is a parameter, A > —7, 1 # —3, have the same foci, and state
the co-ordinates of these foci.

{ii) State the ranges of values of 1 for which this conic is
{a) an ellipse (b) a hyperbola.
With the aid of your calculator sketch on a single diagram the conics
obtained when A takes the values 1, —2, —4. Label each conic with its

value of /. Show also the common foci of these conics.
2 . y2
+A 344

{iii) Find the two values of A for which the conic
through the point P(2, 3).

{iv) Prove that the tangents at P to the two conics found in part {iii) are
perpendicular.

= 1 passes
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5 The diagram shows a circle of radius 1 with centre C, a diameter OCA, the
tangent at A and the radius CB which is perpendicular to OCA.

(il Taking O as the pole and OA as the initial
line of polar co-ordinates, write down the
polar equations of this circle and this tangent.
Enter this circle and tangent into your
calculator, setting the scales so that the shape
of the circle is displayed correctly.

A~

Q
A straight line through O meets the circle again at
Q and meets the tangent at R. The point P on this
line is such that |OP| = |QR|. The locus of P as the ~ ©
line varies is a curve called the cissoid of Diocles.
(i) Taking angle AOP = 6, prove that the polar .5
. L . . 2sin” 0
equation of this cissoid can be written in the form r = 7
cos

(i) Prove that B lies on the cissoid.

{iv} Enter the cissoid into your calculator.

On a copy of the diagram shown, draw the cissoid.
Describe briefly the main features of the cissoid.

{v) (a) The straight line AP produced meets CB produced at the point U,
and the straight line OP meets CB produced at V. Add AP, U and V
to your diagram.

{b) Let /AOV = 0. By using cartesian co-ordinates, or otherwise, prove
that the length of CV is the cube root of the length of CU.

6 The diagram shows a circle, C, of unit radius, passing through O.

YA
14

Y

_1_

(i) Taking O as the pole and the horizontal axis to be the initial line, show
that the curve C has polar equation r = 2 cos f and enter this curve
onto your calculator.

The line through O making angle 0 with the initial line cuts C again at Q.
P and P’ are the points on OQ (extended, with P beyond Q) which are k
units from Q, where k > 0. As 0 varies, the set of points P and P’ form a
curve called a limacon.



(i) Prove that the polar equation of this limacon is r = 2cos 6 + k,
explaining how this gives both the points P and P’
{iii) With the aid of your calculator draw on separate diagrams
{a) the circle C and the limagon for which k =1
{b) the circle C and the limagon for which k = 3.
What is the key difference between these two limagons?

3. 9s1919%g H

{iv) Describe in general terms the shape and position of the limagon when
{a) kis very close to zero
(b) kis very large.
{v) In the case k = 2, prove that
{a) the circle C' with diameter PP’ touches the circle C at the point Q’,
where QQ’ is a diameter of C
{b) the arc length P'Q’ on C’ equals the arc length OQ’ on C.

{i) A curve, C, has parametric equations
x==6cosT, y=6sinT.
Prove that this curve is a circle.

Before proceeding with the rest of this question, you are advised to enter this
curve onto your calculator and to set the scales so that it appears as a circle.

{ii) Another curve, H, has parametric equations
x=>5cos T+ cos5T, y=>5sinT —sin5T.

Enter this curve, also, onto your calculator.
Describe its main features and state its greatest and least distances from
the origin.

The curve H is a particular member of a family of curves. The general
member is defined by the parametric equations

x=kcosT+coskT, y=ksinT —sinkT
for positive integer values of k.

{iii) Predict, in terms of k, the features of the general member of the family
of curves.
{iv) Show that the distance, r, of the point (x, y) from the origin is given by

¥ =k +2kcos(k+1)T + 1.
Use this result to justify the predictions you made in part (iii).

The curves in this family are called hypocycloids. A hypocycloid is the locus
of a point on the circumference of a circle as it rolls round the inside of a
circle of larger radius.

(v} In this case, the radius of the smaller circle is 1 unit. Write down the
radius of the larger circle.
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8 (i} Copy and complete this table of values for y = /1 + cos? 2x.

T 3n 5n|3rn | 7n
- | =|=|n|=|=|— |21
3 2 4 4 2 4

Iz
6 | 4

¥y =11+ cos?2x

(i) Sketch the curve y = v/1 4 cos? 2x for 0 < x < 27,

{iii) Without using your calculator, use your answer to part {ii) to draw a
sketch of what you think the curve r = /1 + cos? 20 will look like.

{ivi Now use your calculator to check your answer to part {iii).

A family of curves has the form r = v/a + (2 — a) cos? 20 for different values
of a.

{v) Draw diagrams to illustrate typical members of the family, including any
special cases, stating the appropriate value or range of values for a.

{vi} Is it possible to find values of a for which the curve has
{a) cusps (b) nodes?

The diagram below shows a circle with radius a and centre C. O is the pole
and C is on the initial line at a distance av/2 from O.

Q/

Q
045\

«——\av2—>C

p’

A straight line through O meets the circle at points Q and Q. P and P’ are
chosen so that |OP| = |OP'| = |QQ’|. Repeating this for other points Q and
connecting all the points P and all the points P’ gives a curve called the
lemniscate of Bernoulli.

Let |OQ| = rand |OQ'| = 1.

(il Use the cosine rule in triangle OQC to find an equation linking a and r.
(i) Show that |QQ'| = ¥ — r = 2a+/cos 20 and hence write down the polar
equation of the lemniscate.
Draw this curve on your graphic calculator, setting a = 1.
{iiiy Show that the cartesian equation of the lemniscate is

(F + )% = 4a2(E — ).

{ivi Show that the area of the smallest rectangle containing the lemniscate,
with sides parallel and perpendicular to the initial line, is 4v/2a".



10 The diagram shows a point T on the initial line at a distance d from the pole

1

S. The point P moves in such a way that |PS| = k|PT)|.

,
o) T

d

S

\J

3. 9s1919%g H

(i) Describe the path traced out by P when k = 1.
(i) For the case k = J use the cosine rule to show that the polar equation of
the path traced out by P is given by

r= g (:I:\/S + cos? 0 — cos@).
(iii) Explain why, in the context of the locus problem described, P will cross

the initial line at the point D, a distance g from S. Substitute # = 0 and

0 = = in the expression given for r in part (ii) and comment on the
values of r.

On your graphic calculator plot r = g (\/ 3 4 cos? 0 — cos 0) for
various values of d. You should find that the path is a circle.

In the general case |PS| = k|PT|, the locus of P has polar equation

r:l_—dllzz<kc030:|:v1 —kzsinZG).

(iv) Show that, for k = %, this agrees with the formula in part {i).

{v} Describe the similarity between the case k = 2 and the original problem
with k = 1.

{vi) What potential problems are there for substituting values of kK > 1 in

,z%(kcoseim)?

A curve S is given parametrically by
x=cosT+2sinT, y=cosT —2sinT.

(i) Using your graphic calculator, sketch the curve and state which conic it
looks like.

The distance of a point (x, y) on the curve from the origin is denoted by r.

(i) Show that r* =2+ 6sin’ T.

(iii) Differentiate this expression for r* with respect to T.

{iv) Hence find the co-ordinates of the two points on S nearest to the origin
and those of the two points furthest from the origin.

(v) Show that your answers to part (iv) are compatible with the curve S
being an ellipse.
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Each point on the curve S is rotated by the matrix R =

SEN
Sl Sl-

give the curve S'.

{vi} Write down the angle of rotation represented by R, and the direction of
the rotation.
tvii) Find the image on §’ of the point (cos T + 2sin T, cos T — 2sin T) on S

Investigation of curves !

under this rotation.
Hence find the cartesian equation for S’ and verify that it is an ellipse.
What does this tell you about the curve S? Justify your answer.

12 The limagon of Pascal is the locus of P in the following construction.

The circle S has polar equation r = 2a cos § and Q is a variable point on S.
The line L passes through the pole, A, and Q. Points P and P’ on L satisfy
|QP| = |QP’| = k, where k is a constant.

L
ﬁQ P

N == -

vs

(i} Show that the polar equation of the limacgon is r = 2acos 0 + k.

State which values of 0 give the locus of P and explain why the
remaining values of 0 give the locus of P'.

(i) On your calculator draw the limagon with equation r = 4 cos 8 + 2. On
a copy of this diagram draw the circle which gave rise to this limagon
and, on the lima¢on, mark the points generated when Q is at the pole.

The limagon below has a cusp at the pole.

N
/

(iii). What is the relationship between a and k for this limacon?

{iv) Find the values of 0 satisfying % (rsin@) = 0 in this case.

Explain carefully the geometrical significance of each of these values.
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13

14

The point C has co-ordinates (0, a). D moves along the line y = a and L is
the variable line through O and D. The point P lies on L such that
|OP| = |CD|. The locus of P is a curve known as the Kappa curve.

YA

C D‘/L

3. 9s1919%g H

=Y

@

(i) Make a rough sketch of the curve, identifying any symmetry and
asymptotes.

(ii) Show that the polar equation of the Kappa curve is r = acot 0 and find
the equivalent cartesian equation.

(i) Plot the Kappa curve on your calculator and explain any differences
from your sketch in part (i)

In the diagram below, O is the origin, R is the point with co-ordinates (0, 2a)
and S is the circle with OR as diameter.

YA
R A

b P(x, y)

B ]

0O

The point A moves along the line y = 2a and L is the variable line through
O and A. The line L meets the circle S at the point Q. QP is parallel to the

x axis and PA is parallel to the y axis. The curve traced out by P is known as
the witch of Agnesi.

(i Show that |OQ| = 2acos T and use this to find the co-ordinates of Q in
terms of T.

(i) Show that |RA| = 2atan T and use this, and your answer to part (i), to
show that the co-ordinates of P are (2atan T, 2acos’ T).

(i) Sketch the curve using the parametric equations x = 2atan T,
y = 2acos” T, setting a = 1.

{iv) By eliminating T from the parametric equations, find the cartesian
equation of the curve.

2
{v) Show that ﬂ = (0 when x =+ 2av/3
dx? 3

and explain the significance of

this result.
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15 In the diagram below, A is the pole and D is a line perpendicular to the
initial line at a distance b from A. Q is a variable point on D.

The line L passes through A and Q. Points P and P’ are drawn on L so that
|QP| = |QP’| = a, where a is a constant. The locus of P, as Q moves along
D, is a curve called the conchoid of Nicomedes.

/

Q

L

Investigation of curves !

>
]

(i) Make a rough sketch of the locus of P and P’ for the case a < b. Show
the line D and state the intercepts with the initial line.

{ii) Write down the polar co-ordinates of Q.

{iii) Using your answer to part {ii) show that the polar equation of the curve
is r = bsec 0 + a. State which values of 8 give the locus of P and explain
why the remaining values of 6 give the locus of P'.

Investigate the shapes of the conchoids for various values of a and b,
including the case a > b.

The diagram below shows one such conchoid which has a cusp.

YA

=¥

{iv) Write down the relationship between a and b for the conchoid to have a
cusp.

tv) By considering (ar cos 0), or otherwise, find the cartesian equation of
the conchoid.
Use this to find the values of x corresponding to y = 0 and explain the
significance of this in terms of loops and cusps.

tvi) In the special case a = 2bv/2 work out the cartesian co-ordinates of the

. d . . .
points where d—y = 0, i.e. where the tangent to the curve is horizontal.

210



16 The diagram below shows a fixed circle S with centre C and radius a. L, is
the fixed line x = ka and F, is the point where this line meets the x axis. P,
is a variable point on L;. P, lies on S and PP, is parallel to the x axis.

YA

3. 9s1919%g H

=Y

L, is the line parallel to L; passing through P,. F, is the point where L,
meets the x axis. The point P is where the line OP; produced meets L,.

YA P(x, y)
ﬁ _____________ .
) F, ¢ e

The locus of P is a curve called the piriform (or pear-shaped quartic).

i) Let T = /CP,F,. Show that
{a) P, has co-ordinates (ka, acos T)
{b) P, has co-ordinates (a+ asin T, acos T).

(i) Using the expressions in (i}, and the gradient of line OP,, or otherwise,
show that the parametric equations of the piriform are

x=a(l+sinT), y= %cos T(1+sinT).

(i) Draw this curve on your calculator with a = 1 and k = 0.5, along with
the circle and the line L,. On a copy of this graph indicate clearly how
the piriform unfolds as T varies.

{iv) Find the range of values of x = a(1 +sinT) and y = %cos T(1+sinT)

in terms of a and k. How does the position of the line L, affect the value
of T which corresponds to the maximum value of y?
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The equations of many curves can be expressed in cartesian, parametric and
polar form.

The substitutions x = rcos 0, y = rsin () are useful when converting
between these forms.

The important features of curves to recognise are
e symmetry and periodicity

e vertical, horizontal and oblique asymptotes

e cusps, loops and dimples

e nodes (or crossover points).

For curves given in cartesian and parametric form, calculus techniques are
used to find

e the equations of tangents and normals

e the maximum and minimum values of x and y

e the maximum and minimum distances of a curve from the origin.

For curves given in polar form, calculus techniques are used to find

e the maximum and minimum distances of the curve from the pole

e the points on the curve where the tangent is parallel, or perpendicular,
to the initial line.

The standard cartesian and parametric equations of the conics are given in
the table below.

Cartesian Parametric
Parabola ¥ = 4ax x=at’, y=2at
Ellipse a£:+£:l x=acost, y=bsint
Hyperbola a£; - ﬁ—i = x=asect, y= btant
Rectangular hyperbola | xy = ¢ = Gl — %




Glossary of curves

o
o
g
Details and properties of many other curves can be found at '3
http://www-groups.dcs.st-and.ac.uk/history/Curves/Curves.html. o
[
3
Circle Rectangular Hyperbola @
X =acost, y=asint x = ct _¢
2 2 2 = r= t
X+y =a
xy=c

=Y

-
(D

Cycloid
Parabola x=a(t—sint), y=a(l—cost)
X = atz, y = 2at y
y' = dax T/\/\/\
¥ ‘ X
> Curtate cycloid

x=at— bsint, y=a— bcost where b < a.

Y
Ellipse T/\/\/—\

x=acost, y=bsint ‘

=Y

2 2

2 2
a b Prolate cycloid

x=at— bsint, y=a— bcost where b > a.

—
K

v
?

¥ O P

Hyperbola W
x=asect, y=btant . .
, ) y Epicycloid
Xy
Z_ﬁzl x=kacost —acoskt, y=kasint— asinkt

‘ T ~ .

PR % *
‘ k=6
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Hypocycloid

x=kacost+ acoskt, y=kasint— asinkt

M

Cardioid
r = 2a(l + cos )

O

Nephroid

x=3acost —acos3t, y=3asint— asin3t

y

Conchoid of Nicomedes

r=asect+k

A
%)

Astroid

2 2 2
xS_i.yS:aS

Right strophoid
.= a(t — 1) _at(tt —1)

2+1 £ +1

y’
x
Cissoid of Diocles

r = 2a(secO — cosf)

@

k=a

Limacon
r=2acos@+k

Trisectrix of Maclaurin

sin 36

sin 20
Lissajous curves

r=2a

x=asin(ct+d), y=bsint

3

yi
g x

a=1b=1c=4,d=0




Spiral
r=ko

Lemniscate

= a’ cos 20

(O

The folium of Descartes

X+ y3 = 3axy

Eight curve

r? = cos20sec 0

Witch of Agnesi

x =2atant, y=2acos’t

Y

~Y

Trident
Xy = X —a

YA

\J

Kappa curve

~
M J

r=acotf

Maltese cross

xy(xZ _}/2) — x2 +y2

Piriform

x = a(l +sint), y—ﬁcost(l +sint)

v
\

=Y

Deltoid

x=2acost+ acos2t, y=2asint+ asin2t

-

S3AIND Jo Alesso|D
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Answers

Chapter 1

Activity 1.1 (Page 3)
cos? x = (cos® x)*

= (L(cos2x+ 1))2
:%(cos2 2x 4 2cos2x + 1)
=1 x1(cos4x+1)+Lcos2x+ %
=+cosdx+3cos2x+ 3

fcos4xdx=j(%cos4x+%c052x+%)dx
=Lsindx +Lsin2x+3x+¢

Activity 1.2 (Page 4)
27

(i) i‘[o @ sin’ tdr = %

(i) a = 240v/2 ~ 339

Activity 1.3 (Page 4)
) sinfsing =L (cos (6 — ¢) —cos(0+ ¢))

(i) (a) %sin4dx+gsin2x+ ¢

b) Lsin3x —Lsin7x+c

Exercise 1A (Page 5)

16  tsin2x+ix+c

i) $x—5sin6x+c
@iii) tanx+¢
(iv) —cosx—l—%cossx—l— c

v}  Ssindx—tsin2x+2x+¢
2z
3

tvii) $sec2x+¢

i) sinx —Zsin’ x + %sin5 x+c
(viii) In|sinx| + ¢
(i In|tanx|+c

2 (i) —%cossx—i-c
i) Fsinéx+Ix+c
(i) —L(3cos7x+7cos3x)+ ¢
ivi 2x—2cosx—Ltsin2x+¢
v x—Llcos2x+¢
{vi) %tan2 x+cor %sec2 x+k

3 6 Gi) In2 Gii) 1

(iv) 1—% v 0

4 (i) ¥

y = sinx (cosx — 1)?

T T T T
g ”\/n 3n\/n :
— 2_

Gi) 3

5 tan—+4 ¢

NS R

6 (iv) —lcos2x+A=—-1(1-2sin’x)+ A
=sinx+Bif B=—-1+4
=1-cos’x+ B
=—cos’x+C
ifC=1+B=35+A
This is possible because A, B and C are
arbitrary constants — functions that look very
different all can be correct expressions of the
same indefinite integral. Ignoring the constant
of integration can cause problems.
7 The constant of integration has been ignored.

Activity 1.4 (Page 8)

(i) The gradient is always negative.
dy

(ii) y = arccosx = cosy = x = —sinyd—z 1
X
ﬂ_ -1 -1 . -1
dx siny £+ /1—cos’y £V1-—x?
. dy. . dy 1
Since —= is negative (from @), — = - ——.
g > negtive thom ), = =

Activity 1.5 (Page 9)
The graphs in figure 1.8 are obtained by reflecting the
graphs in figure 1.7 in y = x.
The gradient is always positive, tending to 0 as
x — £ 00, Maximum gradient = 1, when x = 0.
y=arctanx = tany = x = seczy%: 1
v o1 1

dx sec?y l+tan’y 14+x2

Activity 1.6 (Page 9)

(i) y=arcsecx < secy=x<

=x
cos y

< Cosy Zi@ Y= arccos(i).

For (ii) and {iif) the argument is similar.



Exercise 1B (Page 10)

1

arcsine

arccosine

arctangent

Domain

-1<x<1

-1<x<1

all real
numbers

Range -

I
2)/2

<y<§ 0<y<nm

(SN

3

4

6

10

arccos x + arccos (—~x) = 1
~Tex<l

2
(i) ;
V1—x2
__°
V1 —25x2

(i)

(iiii)

4+ 9x2
a 3
1+ (2 — 3x)?
2

V1 —4x2

(iv)
[0}

i ——
1+ 25x2

6x

V1 —9x*

(iii)

1
2v/x(1 — x)

. X T
arcsm—— — —

V2 o4
L - L so=—+¢
Vi-2 Vi o2

(i) nmor2nn :I:%

{viii) —

Gi) 2nm — r

: 4
(i) 2nm + r + arcsin—

3 5
(iv) nrm or nm £ arctan \/%

(v) 4nmordnn+t 4?71

i) 2n+ )mwor 2nn + 2 arcsinL

V5

11
arcsecant arccosecant | arccotangent
Domain| x < —1lor x< —lor all real
x=1 x>=1 numbers
Ramge | Osysm | Ley<t|-T<r<t
7
y# B y#0 y#0
12 (i) (a) !
n I —
|x]vx2 —1
(b) —
1+ %2
13 (i) gprovided x<—lorxz=1
Gy —Zifx < 0,£ifx>0
2 2
Exercise 1C (Page 14)
1 X
1 (i) —arctang +c
(i) arcsin% +c
(iii) Earctanf +c
6 6
2 2x
(iv) —arctan—+ ¢
5 5
(v) larcsinz—x +c
2 3
7 . \/gx
{vi) —=arcsin +c
V3 V5
o T o T L. /T
2 (i) — (ii) — (iif) —
12 4 36
n T T
(iv) — v) —— {vi)
12 26 124/10
) 1 4x
3 (i) —arctan—+¢
12 3
@ (Page 15)
No real roots < B> — 4AC < 0.
If A < 0, work with _—1
—Ax?—Bx—C

9 {Page 16)

So that Ax* + Bx + C can be rearranged as

p2 —(gx + .

Exercise 1D (Page 17)

1M xt?

1
—arctan +c
2

(ii) 7arcsin x—2 +c

L 1a3deyn
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(iii)

(iv)

{v)

(vi)

(i)

(i)

(i)

(i)

(iv)

v)

(i

(iii)

(iv)

6 (i)

(i) — (ln 58 + arctan E) — T 2233
2 3 8

V3 V2x

—arctan——+ ¢

V2 V3

3x+1

1
—arctan +c
2

Lox—1
arcsin +c

7 .
—arcsin
2

xarcsinx + V1 —x2 +¢
{a) xarccosx — V1 —x?+¢
{b) xarctan x — $In (1 +x) +¢

{e) xarccotx +$In(1+ 2 +¢
%az arcsink—k%b\/ at— b
a

Area of sector + area of triangle
-3

1
5 arctan d +c

1 .
—arcsin
2

2x+5

1
—arctan +c

1
__"_C
x—3

2—|—c

1 . 3x
—arcsin
3

%ln(x2 + 1) 4 arctanx + ¢
2
n(x—i—l)
X2+ 1

V1 —x*+arcsinx + ¢

x+1

Var+1

1 + 2arctanx + ¢

1

=]

+ 2arctanx + ¢

— w|a

7 ;; larcsec f—!— [
xVxt—1 a a
Chapter 2

Activity 2.1 (Page 21)

E.g. (6,

Exerc

1 Kite

2 (i)

(i)

D2
4 4 4
ise 2A (Page 22)
(4, H—TC) and (4, _5_71)

12 12
(+35) (s -5)

12 12

3 (i) A(5.39, 0.38), B(8.71, 1.01),
C(8.71, 1.64), D(5.39, 2.27)
(iii) B(4.64, 7.37), C(—0.58, 8.69), D(—3.45, 4.14)
4 (i) 4
i) 16 <r < 170, 0=-27

(iii) (a) 99 < r < 107, 153 < 8 < 171
(b) 16 < 1 <99, —81 <0< —63
or 107 < r < 162, —81 < 6 < —63
{c) 16 < r <99, 45 < 0 < 63

or 107 < r < 162,45 < 0 < 63
or 162 < r < 170, 135 < 8 < 153
or99 < r<107, -9<08<9

@ (Page 25)

This uses x = rcos 8, y = rsin 6, with r = f(0).

Exercise 2B (Page 26)
1+ y2 —8y=0

3 (i) Circle
(i)

(iv) n repeated petals when n is odd, 2# petals
when # is even



:

|
o

5 x=a,y=
6 xcoso+ ysino = p

7 (a, :I:%), 2r = asect

o
=g

9 (Page 28)
(a) 080 < 0,0r <0,0A <0,

10+ 08n)%(—30) < —0A <17 (-50)

{b) 360 > 0,0r < 0,0A > 0,
L(r+8r)%0 <84 < 1r%6
{c) 00 < 0,0r >0,0A <0,

172(-36) < —0A <L (r+3r)*(-50)

SA
In all cases 5 is between %rz and % (r + dr)?, so the

limiting argument holds as before.

Activity 2.3 (Page 29)

(i) 2n+ﬁ
2
i) T+ 33

Exercise 2C (Page 29)

1 It gives twice the area.

2a

6 (i)

i) 2ma’

2
Sna

9 3.1

3ma’
10

- 1 2
(i) 1z a

(iii) Polar (%, g), cartesian d(%a, %a)

{iv) 4x° + 4xy* + 4x2y% + 4)/3 Q

X

24y

= 6axy + 3ax 3ay
dx

dy 1
W ——=—
v dx 2

13 ()

: dy
dx

N
o\jz

(i) 2
{iv) 4x° 4 4xp” + 4x2yﬂ + 4y
dx
—8x+ SyQ =0
X
(vi) (xfz + )

r
6

s dy

Z 1aadeysn
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Chapter 3 Exercise 3B (Page 37)

Activity 3.1 (Page 33) 1 Im
2 AT ST S L P L} i
2 2 6 4 3 ]
g T T IO T In T T IRe
< Activity 3.2 (Page 34) N3
m _m 3 _3n ]

2 Im
Exercise 3A (Page 35) 4jL

11,0
22,7

3 3
2

i

4 4, _E 3 Im
5 V2~ 1.414 =
4

)

31 ST YT

6 V50~7.071, — e

T T

7 2, —

4 T T T \O T T IRe
10 8, %
5

11 0.25,2.3

12 3, 1 — 3= 0.142

13 5, —0.927

14 13, 2.747

15 8.062, 1.052

16 109.604, —2.128

17 6G) ao—m i) —« (iii) 7w — o

5 Im

i) = — o v %-ﬁ- o 6 Tm 4

18 cos(—a) +jsin(—a)

T .. (7 x
19 3{cos(——o¢)+)sm(——zx>} I
2 2 5 + 3

n .. (m 1
20 cos(—-i—oc)-ﬂsm(——i—oc) ——— o e e
2 2 0] Re
21 10[cos (—a) + jsin (—a)] i
22 seca(coso + jsinoa) _\
23 (i) Rhombus; |z| = 2cos§, argz :g , & 2n
373
(i) Zsing [cos(g—£> +'sin(g—£)} k< 2K <3k - T < 2 < &
2 2 2 ) 2 2 8 \|Z+ |\ ,—g\arg(z‘i‘ )\g
24 () —3—4j, 11 —2j 9 Im

iy —1—2j, -5
{iiiy v/5 ~ 2.236,+2.0340r 5,

. . 5 . 5
(iv) L is the circle centre — > radius >
220



10 Im
'1"' 2+5j
=442 -7 7
Frr oo IO_ T T T IR'e
1 Im
T T T T >
—j 3 Re
12 Im
iE
T 3 T
-1 1 Re

Activity 3.4 (Page 38)

(i) Rotation of vector z through —l—%

(ii) Half turn of vector z

(= 2 successive E rotations: —1 =j X j)

Exercise 3C (Page 38)

16 (cos7— +j sm7—n>
12 12

o)
o) (5]
o)l 5)

5 9(c052—n —l—jsinz—n)
3 3

() s0(-5)

7 432(cos0 + jsin0)
8 10 (coss—n +j sin3—n>
4 4

9 3\/—<cos— +3 51n7—n)
12 12

10

1

12

14

15

16

Exceptions

i) if z =0 then 1 does not exist
z

(i) if z is real and negative then arg (l) =argz
z

(@ Enlarge from O x3
(i) Enlarge from O x2 and rotate +§

¢ s9ydeyn

(iii) Complete the parallelogram 3z, 0, 2jz
(iv) Reflect in the real axis
(v) Find where the circle with centre O through z
meets the positive real axis
(vi) Complete the similar triangles 0, 1, z and 0, z, 2*
(a) All move in straight lines
(i) from —3j to 3j
{ii) from 2 to —2
{iii) from 2 — 3j to —2 4 3j
(iv) from j to —j
{(v) from 1 to 0 then back to 1
{vi) from —1 to 0 then back to —1
(b) All except (v) move round circles
(i) once anticlockwise round |z| = 3, starting
at3
{ii) once anticlockwise round |z| = 2, starting
at 2j
{iiii) once anticlockwise round |z| = /13,
starting at 3 + 2j
{iv) once clockwise round |z| = 1, starting at 1
{v) stationary at 1
{vi) twice anticlockwise round |z| = 1, starting

at 1
V3-1 , V3+ 1; \/E(coss—n—i—jsins'—n),
4 4 4
VIO(cos——i—Jsm ), \/_+ L
3 3)7 272
aw =, 2%
4 6
(iii) 8, — 1z
12
(iv) perpendicular bisector of line from o to f§
v) 17
24

(i) Points of knife have moduli < 1, which
decrease on squaring; angle subtended by knife
at the origin is doubled

(ii) points of forearm have argument % (vertical
from O) which doubles to become ©
(horizontal from O) on squaring

@iii) angles subtended by head and boots at O both

double, but boots are further from O than
head, so grow more
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{iv) knife tip has argument %T, stomach has w 2 70 — sin 50;;3 sin 30 + 3 sin 0
argument — %; both give argument —% on 7 ) —ppsin60+Zsin4 — Fsin26 + 50 + k
W 2
doubling. ) 3
(i) =
. 8 sin 2n6
Exercise 3D (Page 41) Seind
1w L -j 9 (i) cosnf +jsinnbd, cosnd — jsinnd, 2 cos nd,
V2 2j sin nf
L i) p=1, q=151=—1 5= -3
2 10 () Sameas 9 (i)
iy _ Y3+ i) p=L,q=-%,r=-L,s=2%
2 110
()
V2 Activity 3.8 (Page 46)
2 () —8+8V3j~ —8413.856) T = ¢ % ™ = ¢*(cos2mn + jsin2mn) = ° X 1.
(i) —1024 — 1024
iii) —0.078 + 0.997j Exercise 3F (Page 48)
(v —46656 @ 1
3 (i cos&x—].s%n&x 14
i) cos2f —jsin2fp i) 7
i) cos'® y(co‘s ‘10)1 + jsin 10y) (i) —1.209 + 0.698]
() S0840 —jsindd (iv) —13.129 4 15.201j
16 cos* o 2 3+ 2knj
Activity 3.6 (Page 43) 3 —4+4 <2k - %) 7j
(i) 16sin° 0 — 20sin> @ + 5sin 6 4 Al z
6 Rhombus
Activity 3.7 (Page 43) 0 2= (i +jrf)e", 2= (F — 10’ +j(2i0 + rO)),

) ) i where the dot shows differentiation with respect to .
sin 56 — 5sin 30 + 10sin #

Components:
16
radial transverse

Exer;:tlstf1 t::.E (Page 44) velocity B 0
1— 662+ 4 where ¢ = tan 0 acceleration 7 — r0? 20 + 10
. 3 2 3

2 (i) ¢ =3¢ =4c -3¢ C— (3 cos 2x + 2 sin 2x)
) 35— =354 10 ¢= 3 to
(i) 3t—+¢ S— e*(—2 cos 2x + 3 sin 2x) i

1- 3¢ a 13 ‘

wheére c= 4C°S 0, 52: sin6 and ¢ = tsan 0 e™(acos bx + bsin bx) e™(—bcosbx + asinbx) =,

3 32¢° — 48¢* +18¢ — 1, 326" — 32¢” + 6¢, where 1 Ry to e te
c=cost

a Cot —"Cyt® + - - Activity 3.9 (Page 49)
1 _ncztz —|—"C4t4 — ..

40 + 4cos 20 §=2" cos"gsinn—e
5 G0 cos46 + 8cos +3 5 2
iy Sn 50 — 5sin 360 + 10sin 0 Exercise 3G (Page 50)
16
.. —COS60 4 6cos48 — 15c0s28 + 10 sin + sin (n — 1) — sinnf
(i) 1
32 2—2cosb
vy & 76 — cos 50 — 3 cos 30 + 3 cos 0 2 i) Z ne sin 2T _ g2 g 1
64 - 3 6



3 (i) cosk® +jsink6, coskf — jsin kB

(i) |w|=sinb, argw = 0—%

Square roots have modulus v/sin 8 and
0 = 68 3n
arguments — — —, —+—.
2 4 2 4
e cosB(1 — (e cos 0)")
1 —elcosd
cos § — cos nf cos™! 0

(iii)

(iv)

sin #
4 (i) cos204jsin20, cos30 4+ jsin30,
cos 1 + j sin nf

2 3 M
W 1+2+ 55 2
3 9 27 30
(iii)
3—2z
{iv) (a) C:M
10 — 6 cos 6
b) S = 3sinf
10 — 6 cos b
5 () cosO+jsind, cosnl +jsinnb, cosnd — jsinnd
. 2cosd 6sin @
iv) C= .S =
5 —4cos26 5 —4cos20

6 (i) cosnf +jsinnd

i) cosf, 2+ cosd
2cos8+1 2sinf
5+4cosf 5+ 4cosh

7 2"cos” Esin (oc + n_ﬁ)
2 2

ivi C=

Activity 3.10 (Page 51)

i +1 Im
Re
(i) 1, ﬂ
2
Im
X
Re
X
(iii) *1, :I:j Im
Re

Activity 3.11 (Page 52)

(@) =0 =1=0"

"

Therefore (0)* = 22 = 0",

Activity 3.12 (Page 53)

The degree of the equation is now n — 1, since the (jz)"

€ 1a3deyn

and (—jz)" terms now cancel. The working is the same,

except that o 4+ 1 = 0 is now possible, when k = g So

then—lrootsarez:tankT",kzo, 1,2,...,n—1,

k2
7‘é2

Exercise 3H (Page 53)

1 The fifth roots give alternate tenth roots, and their
negatives (given by half turn about O) fill the gaps.

3 —a, oo, +ow?

5 (iv) If and only if m and n have no common factor

o i i+

2 2

7 cosk?n—i-jsink?n, k=1,2,3,4,5

2kn
cos——

o — " k=0,1,2,..,n—1
. 2km
1 —sin—

(excluding k = 3n if nis a multiple of 4)

o Cotw, k
2n

1 =0,1,2,..,n—-1

Activity 3.13 (Page 56)
1.22 4 0.19j

9 {Page 56)

v/ —1 is ambiguous, meaning j at one stage and —j at
another.

Exercise 3l (Page 57)

1 +(0.90 +2.79))
2 +1, 4
3 —119—-120j, —3+2j,-2-3},3-2
4 Im
1 X
X i
3+ X
% i
4 X
T _I2 T O T é T Re
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5 (z+1—3j)7 =2187
7 Regular n-gon with one vertex at O
9 ) 2+2), —2+2j, -2-2j,2-2j

0 mp g,

B,

(i) Rotate (centre O) through —|—% and enlarge x2.

B1B2 =8.
{iv) 512 — 512/3j
10 () e’ =cosf+jsind, e ¥ = cosf —jsind

Gi) 2¢™, where o = :I:E, :|:3—Tc, T
5 5
Im
a'._---."~~
_2'-‘ o ! Re
.
ol
i) p=+5, +8
10 10
Im
K
¢
L
O @1 I Re
14
¢

11 () cos kB 4+ jsinkf, cos kO — jsin k6
i 2" where @ = l, 5—”, 3—71:, - E, - 7_71:’ _im
1212 4 4 12 12

Im
,"——--...“.

”
ll A
, |
K ¢
1 1
: :

0
¢ V2 Re
Ay ’
\ /
AN [
. J
-~ 4'

i) —1+j,1—j

1
liv) p=——,
p 2
g fom3m w7z _ll=m
2424 8" 8 24 24
13 (i) 8<cosl—|—jsinl>
10 10

w L (cos(~2) ysn(- 7))

I m .. 7®
(iii) —— ( cos— +)sin—
2187 12 12

—14+j 1—j (j1/2)3:j3/2
V2 V2
Othl%\/?_))

14 (i)

i B

(iii) —w < margw < 1w
15 (i) coskf +jsin kB, cos k8 — jsin k6
(i) M, which simplifies to sin 16 "

1 — e2i®
by using result (i).
(i) arg(C +jS) = no
sin nf cos nf

sin

-2
i) C— __sin” nf

sin 0 "7 sinf

(v) Let the side A,,_;A, be represented by the
complex number w, (n=1,2,...,6).
Then |w,| = 1 (unit sides)
and

arg (w,) =§+(n—1)2—”:M.

7 7
(Each external angle of the heptagon is27n )

(2n—1)jn/7

Sow,=¢ and

Zp=mt+wm+ - +w,

(by vector addition round the heptagon from O).
arg(z,) = %nn follows from (iii) with 0 = g

16 He was essentially right, in the sense that by
replacing +/—1 by j and co by 7, and then letting
n — oo gives the limit 7.

Activity 3.14 (Page 60)

arg (%) =arg(a—b) —arg(c — b)

= /XBA — /XBC = /ABC

Activity 3.15 (Page 61)

z+3 2
arg| —— | = —
z—12j 3



Activity 3.16 (Page 62)

The argument is as in Example 3.12, with the extra step
of taking the conjugate which reflects triangle DEF to

produce opposite similarity.

Exercise 3J (Page 64)

2

Im
2j

4 Converse is not true.

5 (i)

(i)

Im

Im

) 1 .
J D
Z (2]
} =
B
k-]
-,
©
=
w
T T -
o 3 Re
(iv) Im
. X
S
X 24
5]
_|3 T T O \ T 3| Re
v) Im
4
T T T T T T
-3 Y 3 Re

tvi) 3x7 + 357 +30x — 8y +27 =10

Circle centre (—5, %), radius 4

Im

6 ae* + bf* + cd* = af* + bd* + ce*

8 (i) Vector wz is vector z turned through Z?n
i) 3—2v3+(54+3)j, 3+ 2V3+ (5 —V3)j

13 (i) Result is still true.

(i) Let D coincide with A. Then S also coincides
with A.
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Chapter 4 Exercise 4B (Page 76)

Activity 4.1 (Page 71) 1 (i) Inx and its derivatives do not exist at x = 0.
- — !
Y PO i) Iff(x) = In (1 + x) then f)(x) = (~1)"*! %
o 1— — el -=—=l 1 wh i x
% T 12 3¢ COtctolwhenxis and f7(0) = (=1)*'(r — 1)1,
4 small. The result follows.
3
3 I+ix—tx
4 (i) 0.6456
Activity 4.2 (Page 71) (i) 0.6911
3 5
2.708 {iii) 2x + 2% + 2%; x =L gives In2 ~ 0.6930
5 @) ! —20 4 %)
Exercise 4A (Page 72) 14+ (1+x> (1+(1+x)°)°
o iy fr+lx—1x4.
1 x-= i) 0.324
2 X4 6 (i) G = 2 3 4 5 6
W 1-=-+7 W 24x— -4 X
? 3 4 15 24
iy 1+ (i)
3

2 Row 3 contains x times the reciprocals of factorials,
and cell A5 contains the sum of these.

3 0.6065

5 £(0) =0, f(0) = —3, f¥(0) = 15

Maclaurin approximation

¥
A
1 76 @1——+———+
™ 20 4 6l
3 5 7
0
wmo- L 00
31 5t 7
R L T A L -
0 x @ 1+jo—=—-L 2 r 7 F
20 31 4 51 el 7!
d, . . 0 ox . (i) Same as (i) (e).
ea(e)—e,jedx—e +c 8 Gi) =1 a0

7 (i) 0.24% . 09X
9 () 1—1a?4lut— LS ) x+;+?+~~~
2 8 48 * *

(i) 1_%x2+%x4_$x6+$x8; +(27‘— 1)2(27‘—3)2...52 ><32x2r+1
0.8555 + 0.000 15 Q2r+1)!

L Activity 4.5 (Page 78)
Activity 4.3 (Page 75)

1
If f(x) = cos x then f'(x) = —sinx, f(x) = —cos x, M In(1+x) = J e dx
¥ (x) = sinx and f*(x) = cos x. The pattern then
repeats in a cycle of four. So f¢7(0) = (—1)" and = J(l —x4+x -+ )dx
f(21+1)(0) =0. ~ R
The result follows. =x— ) + 37 4.

The constant of integration is zero because
In(1+ x) = 0 when x = 0.

(i) The terms neglected in the series for e* and (1 + x)!

Activity 4.4 (Page 75)

If f(x) = (1 + x)" then do not affect the product up to terms in x°.
f(x) = n(n—1)(n—2)...(n—r+ ({1 +x)"" (i) sec x — ~ i ———
and f7(0) = n(n— 1)(n—2)...(n—r+ 1), cosx & xt
for 1 < r < n. The result follows. 2t 4l
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Activity 4.6 (Page 79)

If x = a is an approximation to the root of f(x) = 0
and the root is x = a + h then f(a + h) = 0. But
fla + h) ~ f(a) + hf'(a), so f(a) + hf'(a) = 0, so
f(a)

f'(a)’

This gives the Newton—Raphson approximation

- f(a)) for the root.

~ —

Exercise 4C (Page 80)

1 G) ?ax—%x3
- 2 4
(i) —2x —|—3x
i) & — ot
(iv) x—%xz—l—éx —Ex
v x— xz—i-;x3
wi) 1+x+1a —1x*

2 (M Earcs1n(2x)—|—c
W) 2x+24x7 + L2272 4.

3 (iv) 3.141 59

4 (i) y

X

O X

D=
W=

L

(i) —2(1 —4x7)~2

i) xarccos (2x) — 1 (1 — 42 4 ¢

4 e Exs

3 5

5 @ x+x —|— x —%x 90x
(i) x+x +3x —Ex —36x;agreeswith(i)as

iv] ——2x
2

6

far as the term in x*.
i) 1+ x— %xS; the x* term of the product is not
correct.
8 Given 0 < r < 1, the area of the square

2
= (11 ):1+2r+3r2+4r3+5r“+~-
—-r

Also the side of the square
=(1-nN142r+37 447 +5+...)

B 1Y 1
_(l_r)<1—r>_(1—r)'

Chapter 5
Activity 5.1 (Page 86)

The six products in Sarrus’ method are the six terms in

the expansions of detM by the first column (for
instance) with their correct signs; 13.

Exercise bA (Page 87)

1

M 30
G —33
iy —15 %’
iv) —2 ',%
M (@5 3
(b) 5
) {a) —5
by —5

Interchanging the rows and columns has not
changed the determinant.

M 0

i 0

With repeated columns, the value of each
determinant is 0.

i (a) 2
(b) —2

(i) (a) 13
(b) —13

In both cases, swapping two columns has
multiplied the determinant by —1.

2, 3, 6; det(MN) = detM x detN
—1++41

2

Activity 5.2 (Page 90)

(i)

X x
@ |y |=EB]|y
Z, Z

(b) A shear parallel to the z axis, each point
moving g times its x co-ordinate.

1 0 0
(c) 0 1 0
0 r 1

{ii) (¢} P is mapped to P’ by three successive shears;

shears preserve volume.

Exercise 5B (Page 91)

1

2

(i) Columns 1 and 3 are identical.

(i) Columns 2 and 3 have been swapped.

(i) The columns have been cyclically interchanged.

(iv) Substituting 3 for x makes columns 1 and 3
identical
= determinant = 0
= (x — 3) is a factor of the determinant (by
the remainder theorem).

@ii) Stretching by scale factor k in one direction
only multiplies volume by k.

(i) Multiplying any one column by constant k
multiplies determinant by k. 227
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10

12

i) 430
(i) —6020
i) 86x°y
(i) A shear does not change volume.
i) 43
i) 7
Giii) —1
la b a+bj=]a b a]=0
(i) @B, + B, + a3Bs; b C + b,C, + b;Cy
aA + A+ 6l aB+ 6B +6B;
A0 0 A A A
(i 0 A 0|,—|B B B
o 0 A) A\g ¢ ¢
(i) No. (Yes if restricted to matrices whose
determinant is not 0.)

Equation of the straight line joining (x;, %), (%, ).

Expanding the determinant gives a cubic
polynomial; 5, —8

W (a—b){b—c)c—a)

i) (y—2)(z—x){x—y)

Gii) (y—2)(z—x){(x—y)x+y+2z)
iv) (y —2)(z—x)(x— y)(xy + yz+ zx)

13 x(x+ D(x—1)°

Activity 5.3 (Page 93)

Of the nine elements, six are 0 as they are expansions

by alien cofactors; the other three are A as they are

expansions by each column in turn.

Activity 5.4 (Page 94)

0}

(i)

n
E L%

i=1
MM =1= MM )T =1"=1
=MHYM =1= M) =M")"L

Activity 5.5 (Page 94)

If M has inverse M™! then det(MM™!) = detl = 1.
But det(MM™") = detM x det(M™") = 0, since
detM = 0.

Therefore M has no inverse.

Exercise 5C (Page 96)

1

1 3 0 -6
i —| 4 2 3
2 -1 0

(ii) none

—-0.06 -0.1 -0.1
(i) 0.92 0.2 0.7
0.66 0.1 0.6

1 34 11 32
iv) — 9 6 6
—-38 —-16 37

10 (i)

-1 0 2
2 (i) 9 -7 3
-5 7 —4
(i) 71
(iii) 71
{iv) 7
v) 49
{vi) 7M;adj(adj M) = (det M)M
1 2 18 -—-11
3|2 39 -25};x=8,y=42z=-3
\3 41 -27
4 491
W HAT
(ii) 343
(iii) 491
-5 4 6
5 {i) 14 16 13 },77
4 9 8
-9 —4 -9
(i) 10 7 14 1},77
8§ 14 21
(iii) 11
{iv) 7
6 M —15
i) —10
(iii) —2,4
Givi —1,1,2
ae—bd 0 0
9 0 of 0
0 0 ae— bd
iy f= ae — bd provided ¢ # 0, ae — bd # 0
1 ¢ ce 0 —bc
(i) ————— | 0 ae—bd O
c(ae — bd) —ed 0 ac
1 -4 1
{iv) 4 12 2k —24
8—k 8 3k-16

v x=-2k y=kK, z=4k

See text, page 94.

{ii) Take determinants in part (i).
__adj(adjM) _ adj(adjM)
© det(adjM) A2

i) (adjM)~!

But (adjM) ™" = % from part (i).

The result follows.
These results are identities (or sets of identities)
between the elements of M, which are true for all
values of these elements, even when M is singular.

Exercise 5D (Page 102)

1 A pair of lines intersecting at (61, —1)



10
11
12

13

14

15
16

Inconsistent: distinct parallel lines in two
dimensions
Coincident lines with infinitely many common
points (£, 4 — 2t)
Inconsistent: distinct parallel lines in two
dimensions
Inconsistent: planes forming a prism
A sheaf of planes with common line
(2A+ 1,444 1, =31 +5)
Three planes with a unique common point
(3,-14,8)
Three planes with a unique common point
(—15,24, -1)
Three coincident planes (4, u, 24+ p — 5)
Inconsistent: planes forming a prism
k=4, (2, =24, A); k = —4, no solution
The transformation either (a) collapses the whole
plane to a line through O or (b) maps everything
to O.
When p = g = 0 in (a) there is a line of points that
map to O, and in (b) every point maps to O.
When p and g are not both 0, there is either no
solution (distinct parallel lines) or many solutions
(coincident lines).
() Inconsistent: planes form a prism
i) (14— 2, 4, 24): planes form a sheaf
It makes no difference whether A is singular or
non-singular.
14
(ii) (a) No solution: prism of planes

(b) x =1, y=3t—4, z=2t— 2; sheaf

Activity 5.7 (Page 105)

(i)

(i

- ()

10
(b) ( 5)
(c) <2>
3
(d) <0>
5
-2
(e) ( 2)
-6
o (79)
@ y=1x
b) y=3x
© y=3x
d x=0
e) y=—x
H y=—1ix

Activity 5.9 (Page 110)
M detM — AT) = (4 — (s — A)(ds — D) ®

Putting A = 0 gives detM = 1, 1,45

(i} Coefficient of 2% on RHS of & = 1, + A, + 4.

When expanding det(M — AI) the terms in A’ arise
only from the product of the elements on the
leading diagonal, (a; — A)(b, — A)(¢; — A), since all
other terms are linear in . The coefficient of A7 is
a; + by + ¢, and the result follows.

Exercise 5E (Page 110)
1 ) 7, k(3i+2j);2, k(i—j) where k#0

i) 4, k(2i —3j); —1, k(i — 4j) where k # 0
Gi) 1++v2, k(vV2i+7); 1 — 2, k(+2i—j)
where k # 0
(iv) 2 (repeated), k(i— j) where k # 0
) 1, k(4i+j); 0.3, k(i+ 2j) where k #0
i) p, ki; g, kj where k #0
M 3, d; 2, ¢; —1, ¢(j — 3k) where ¢ # 0
i 4, c(i—j+2Kk); 3, c(i—2j + 2k);
—1, ¢(91 — 14j — 2k) where ¢ # 0
Gii) 4, c(i+j+k); =3, c(i—6j+k);
0, ¢(51+ 9j — 7k) where ¢ # 0
W 1, c(i+ 5§ +Kk);
2 (repeated), c(pi+ (2p + 49)j + 9k)
where ¢ # 0 and p and g are not both 0
v 3, d; 2, c(i+k); =2, c(i— k) where ¢ #£0
i) 9, c(i—k); 4, ci+]j—2k);
, ¢(i+j—k)where c #0
G 1, k(i+ tanbj); —1, k(tan 6i —j)
(ii) 0 # nm = no real eigenvalues;

w

—_ =

6 = nn = eigenvalues are (—1)", and all
non-zero vectors are eigenvectors.
M a+f
Gi) af
m 9
(i) c(2i+5j +4k), 9; c(i— 2j + 2k), —9 where
c#0
(ifi) —729
i (a) 2,3
(b) 4,9
(e) 32, 243
G
(i) (a) 1,2,3
b) 1,4,9
(e) 1, 32, 243
1,4+
(i) M"v converges to 0
(i) If 4, =1, M"v converges to s; if 4, = —1,
M"v eventually alternates between =+ s,

g J9ydeyn
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@iii) The magnitude of M"v increases without limit;

the direction of M"v becomes parallel to s;.

. {05 03
11 (i) M_(O.S 07)

. 2100 (76
i) M (100> = (24)
so 76 at Calgary, 124 at Vancouver
a0 TN My — ith 1 =
(iii) x = (125>, Mx = Axwithi=1
(iv) 75 at Calgary, 125 at Vancouver
12 (iv) 4, c(3i+j); 2, c(i+j);

(’) :475e4'(3> —425e2’<1>
w 1 1

13 (i) Under M the image of a vector is attracted
towards the eigenvector with the numerically
largest eigenvalue; each multiplication by M
maps the image closer to a multiple of that
eigenvector. This does not happen if

= fs; + ys;, where s,, 85 are eigenvectors
with other (numerically smaller) eigenvalues;
rounding errors may also cause failures.
(i) xﬁl’ )’321 a fol
limit is an eigenvalue, generally k, the largest
eigenvalue (numerically).

Activity 5.10 (Page 116)

3 3-2
The characteristic equation is A> — 84 + 9 = 0.
By the Cayley—Hamilton theorem:

M —8M+9I=0= M =8M- 9L
Multiplying by M” gives the result.

‘5_’1 2 ‘=,12—8,1+9.

© (Page 116)

No. The suggested substitution is invalid since 1 is a
number and M is a matrix.

Exercise 5F (Page 117)

1 Note: the columns of § may be reversed provided
the eigenvalues are also reversed. Each column
of § may (independently) be multiplied by a
non-zero constant.

e [ 41 (20
0o ( 21 A-(29)
(45 (2 0
(ii) S—<2 3>, A_<O 1)
o o [1 5 {1 0
(lll)S—(1 _3>, A—(O 02)

2

(326 o) (5 75)
(40951 —5.1585
(s

20634 —2. 439()); approximates to

=)

s @ (876 —1266
" lam —en1

10

11

—523776 524800
( 0.6667 0.3333)
{iii)

N ( 524800 —523 776)
(i)

0.6666 0.3334

e.g. ) > 1
S-S U W
w ()0)

(iii)

= = W =

(iv)

_ LY. 3

o i (Do)
w (-

P lo 2-&

(iii)

=]
=

A N

®|w o= = O

iv p=3,qg=-2
W 4

1
(ii) k( 0}, k#£0

Gii) ) p=1,g=—4,r=2

-1
iv) 3| -1
1

1 1 1 5 0 0 1 1 1
511 1 0 4 0 1 1
01 -1 0 0 2 01 -1
i 2,3
1
(i) 2
2
(i) p=6,g=-11,r=6
i (@ —2k-—8
—-2-2k 1 24k
(b) 6 1 —-6—k
2k+8 12 2 _4
i) k=-3

i) p=2,9q=1,r=-2



12 G) 1

o (0
w ()

14 (i) There are four such products, generally
distinct, but AB has at most two distinct
eigenvalues which may or may not be the
product of an eigenvalue of A and an
eigenvalue of B.

(i) ‘Proof’ assumes that eigenvector of A is
eigenvector of B.

Chapter 6

Activity 6.1 (Page 124)

cosh (—u) = L(e™ + €") = cosh u; graph symmetrical
about u = 0.

sinh (—u) =3(e™ —e") = —L(e" — ™) = —sinh i
graph has half-turn symmetry about the origin.

Activity 6.2 (Page 125)

cosh 2u = cosh® u + sinh®> u  (cf. cos 20 = cos® § — sin® 6)
(cf. cos20 = 2cos’ 6 — 1)
(cf. cos20 =1 — 2sin* 6)

cosh2u=2cosh’u—1
cosh2u =1+ 2sinh*u

Activity 6.3 (Page 125)

(i) 2sinh ucoshu
=4 —eT)(e" + e = (e

(i) sinh ucosh v + cosh usinh v
=1[(e" —e™)e"+e) + (" + )" — e
— % [eM+V + eM—V _ e—ll+1/ _ e—lI—V + eu+V

_eU—V + e—M+V _ e—u—V]

%[zequv _ 2e—u—1/] — %(eu+v _ e—(u+v))
=sinh(u+v)

(i) cosh u cosh v + sinh usinh v
=1[(e"+e™(e"+e™) + (e" —eT)(e" —eT)]
=14 e f et p e T et — et

_ e—M+V +e—U—V]
— % [Zeu+v 4 Ze—u—V] — %(C’H—V + e—(u+v))
=cosh (u+v)

— e ) =sinh2u

Exercise 6A (Page 126)

A+B ., A—B
sth,

1 cosh A — cosh B = 2sinh

A+ B A—B

sinh A 4 sinh B = 2sinh cosh —

A+ B A—B

sinh A — sinh B = 2 cosh sinhT

«a

11

12

sinh 3u = 3sinh u + 4sinh® &,
cosh3u = 4 cosh® u — 3 cosh u
i (a —In3
) In2, In2
{c) No solution
(i) a+ b, a— b, call have the same sign and

P4+ >d
x=1In3, y=1In2
1.62m, 22.3°
(i) 4cosh4x

(i) 2xsinh (x*)
{iii) 2 cosh xsinh x
{iv) cos xcosh x — sin xsinh x

1 1
vy —|14+—
2 x2

wi) 5e'’

tvii) 3(1 + x)° cosh® 3x(cosh 3x + 3(1 + x) sinh 3x)

{viii) 1
1(cosh2x + 1), L (cosh 2x — 1;
+sinh2x +$x+ ¢, ysinh2x —$x + ¢
i fcosh3x+c
Gi) Lsinh(1+x")+c
(iii) xcoshx —sinhx + ¢
(iv) sinhx + %sinh3 x+c
v} +xsinh2x —Ytcosh2x — ixz +c
(vi) 1—18e9’C —1eT 4+
(vii) %cosh5 x — %cosh3 x+c
tviii) 5 cosh 14x + § cosh 2x + ¢
(cosh x — sinh x)" = cosh nx — sinh nx;
cosh 5x = 16 cosh® x — 20 cosh? x + 5 cosh x,
sinh 5x = 16sinh® x + 20 sinh® x 4+ 5sinh x
(i) 12
i} In £ or In2
6" 6 6
449 dex +9ex f(x)

(iv)

Jf(—lx)dx = larctan(e*) + .

Activity 6.4 (Page 128)

Function | Domain Range Even or odd
tanh x all x -l1<y<l1 odd
coth x x#0 y>lory<—1 odd
sech x all x 0<y<l1 even
cosech x x#0 y#0 odd

9 4a3deyn
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Exercise 6B (Page 128)

16 v

10

11
12

G VA

vy = sech x

1-2
x=0,y=0
(iii) ¥
_________ D
T T T T -
e B S R
-1
42

i +1iln3
i) 0,In7
(i) 0, 51n2

B p=ilnQ2+5),q=In(1+v2)

(i) (a) tanh x < sinhx

< sechx < coshx

< cosech x < cothx

{b) tanh x < sech x < sinh x < cosech x

< coshx < cothx

(i) —sechxtanhx
(i) —cosech xcothx
i) —cosech’ x

{iv) sech x cosech x
i) In(coshx)+ ¢
i) In|sinhx|+ ¢
(i) 2arctan (e*) + ¢

X
v In|< 1 +¢
ex+1
2 4 2r
I+ X e L
6 10 4r+2
I N A R n
31 5 (2r +1)!
@ £2(0) =0, f90) = 120

i 0.0157
Gi) 1+ 2x" 434

i

Activity 6.5 (Page 131)

Function Domain Range
arcosh x x=1 y=0
arsinh x all x all y
artanh x -l1<x<l1 all y

Activity 6.6 (Page 132)
y=arsinhx = x=sinhy = 2x =& — e’

= (¢/) —2x¢ —1=0

= =xxVa2F+1

=y =In(x+ V<2 +1).
In (x — v/ + 1) does not exist since x — v*> + 1 < 0.

Activity 6.7 (Page 133)
) y=arsinhx=sinhy=x= coshyj—y =1
x
ﬂ 1 1 _ 1
dx coshy +y/sinh’y+1 4/ 41
Since the gradient of y = arsinh x is always positive,
1
dx  Vx+1

(i) Let x = au. Then dx = adu and

1 1
[t [T

1
= |————=adu
J avu? + 1
- J;du
w+1
= arsinh u + ¢ = arsinh <£> +c
a
Exercise 6C (Page 134)
3 y
3_
y = arsech x
2_
1_
-

y = arcosech x

-2 -1

x#0,y#0



12

13

14

15
16

-2 -1

(arcoth X

N

x<—lorx>Ly#0

2

(=3
[ ——— P,

(i) sechx
(iv) secx

1
v) ——
xV'1 — x2
) xarcoshx—+vVx?—1+¢
i) xarsinhx—+Vx2+14+c¢

Giii) xartanhx + LIn(1 — )+ ¢

() arsinh (f) + ¢
2
(i) arcosh (g) +c
(i) arcsm( ) +c
1
(iv) —arsinh + ¢
rinn(3)

) arsmh( x— 1) +c
(vi) arcosh(2x+1) +¢
tvii) Larcosh(x +1) +¢
tviii) Larcosh(x’) + ¢

i) 0.494

i) 0.322

M lx\/ at—x2+ lazarcsin <£> +c
2 2 a

(i) lx\/ a? + x? + 1 a*arsinh (f) +c
2 2 a

(iii) %xv x2—a?— %azarcosh <£> +¢
a

@ tcosh(x’)+c

i) 1x’cosh(x’) —Lsinh («) + ¢

i) xartanhx +1In(1 — )+

n =
i) (Za(; (A) — 2
V4 — x2 x\/4

{¢) —arcosh (E
x

i) Jarcosh3 ~ 0.881
1-1V3~0.134

) + 3arcsin

X

)+c

Chapter 7

© (Page 138)

Periodic curve; contains loops.

Activity 7.1 (Page 140)
[PA| = k|PB| = /x> + 32 = ky/(x — a)* + y?
KFa 5 ka Y
= (x_kz—l) ty _<k2—1)'

9 (Page 141)
(_3) 0)

9 (Page 142)

y

Y

Q (Page 143)

The parameter does not correspond to the angle the
line OP makes with the x axis; using 6 might suggest
that it did.

Exercise 7A (Page 146)
1M y2 = 4ax

2 2
X Y
(i) —+§—1
2 2
x Y _
(iii) 2 b2_1
(iv) xy:c

2 r=1—recosf = xz-i—)/zz(l—ex)2
3 (i) x=6sinfcos’ 0, y:6sin20c050

(i) r:35in29:6sin9c050=6(z) (ﬁ)
r r

=r=6xy = (+y)=6xp
4 r=2atanfsind = (rcosH)r’ = (2asin® )7’
= % + ) =2ay* = X = Y (2a— x).
2

ol

o . 2at
5 Substituting y = tx in x = ——
s 14
2
=x=—2 = Qa-x)y =x.
X2 + y2

L 19ydeyn
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i) x=rcos® = (2atanBsinH)cos® = 2asin’ b,
y = rsinf = 2atanfsin’ 0

2at’

1+

y = 2atanfsin’ 6 _ far
1+1¢2

They are all the same curve.

3 3
a a

r= @+ 22 @+
2 2
Yy —X
),2 + x2
(rsin6)* — (rcos6)’
(rsin0)® + (r cos 8)*
cos 26
cosf
3 3 _
x*+y’ = 3axy
Link between the parametrics is explained by the
substitution f = tan T.
i Ay=5Bx=4Cx+y=4D2y=3x-2
(ii) Ar=5cosecH, Br=4sect
Cr= 4 Dr= 2 -
3cosf —2sinf

(i) x=2asin’6 =

x2(1+x)

x=x= .
(1-x)

W y=

(i) rcost = = —cos20

= r=—

cos0 +sin 6’
@iii) The cartesian equations of lines are far more
elegant. Polar equations of straight lines are
rarely used.

(i) y

(i) 7 = \/% = 2, Therefore the curve touches

the circle.
(i) Gi)

v RR=1-p" tana=p

9 (Page 148)

NN
VEAVARVAN

f(x) is an even function; it is symmetrical about the

f(x) = cos3x

y axis because f(x) = f{—x). It is periodic with period 2?71

yA
g(x) = sin2x

{ >
- =z EA n x
2 2
_1_

g(x) is an odd function; it has rotation symmetry about

the origin because g(x) =
period 7.

—g(—x). It is periodic with

Investigation (Page 149)
Parametric curves
@ A(6, 0), A'(=6, 0), B(0, 2), B'(0,-2)
(i) Symmetrical about x axis since
(x(2m — 1), y(2r — 1)) = (x(1), —y(1)).
Symmetrical about y axis since

(x(m — t), p(m — 1)) = (—x(t), y(1)).

@i T = 4n 5n
3 3

{iv) The curve unfolds continuously in an anticlockwise
sense from A. The full range from 0 to 27 is
necessary.

v x> +3* =20+ 16cos2T
= (7 + P e = 6 (F + ) uin = 2

Polar curves
i A—1,n), B(3 0)
271: 4n

37 3
(iv) b affects the size of the curve (the maximum

(i) cosf=——=0=—
2

distance from the pole is b + 1) and determines
whether there is a loop, a cusp or a dimple.

(v) The gradient of the tangent changes sign but the
tangent does not exist when P is at the pole.

© (Page 151)

For the polar curves given, in any direction 8 the two
curves are separated by a distance a. However they are
not, strictly speaking, parallel.



Investigation (Page 155)

x=(R+r)cosT — |CM|cos(r+R>T,
r

y:(R+rnm724CMum<’+R)T
r

The statement is true.

Activity 7.2 (Page 157)

The same curve is drawn but they start from different
points on the curve.

@ (Page 159)

4x* dy 8x? — 8x
Y=Y =T

(2x—1) dx 4x2 —4x+1

g_8

. 8—0
= — =2asx — o0.

42,1 4-0+40

x X

This agrees with the gradient of the oblique asymptote
found in Example 7.3.

@ (Page 160)
All of the form y = x* + c.

@ (Page 161)

There are | — 1| cusps or loops.

Activity 7.3 (Page 162)

n determines the order of rotational symmetry; k
determines the number of cusps or dimples.

@ (Page 162)
M D G B Gi) A

Exercise 7B (Page 163)
1M (a)

r =3(1 4 cos26)

Tmax = 6

Cusps at 0 =£, 3n
2 2

Rotational symmetry of order 2

Symmetrical in initial line

b
o) r=1+2cos @

Touches circle r = 3

Loop f0r23—n< 9<4—7I

Loop touches circle r =1

No rotational symmetry

2 (i) (1+L)
271

(i) The circle of radius 1, centre the origin, and
the four points (£2, 0), (0, + 2)
1
2x—1
(i) x:%,y:x—i—.’a

3G x+3+

(iii) (@) y= -1, x=1.5
b) x=1,y=2x+1
@) x=3,x=-3, y=x+2
x=1y=1
o) x=—1,y=2x—1
a4 () (sin’ T)%—l—(cos3 T)% =sin®T+cos’s T=1

(i) y

—
-

@iii) In general the curve x = cos" T, y = sin" T
contains points in the first quadrant for n¢ N
unlike x7 + y% = 1 which contains points in all
four quadrants. The + sign effectively gives the
cartesian curve.

(iv) (a) n=1
(b) n=20
{c) n=2

(v) (a) The curve tends to a cross consisting of line
segments from (—1, 0) to (1, 0) and from
(0, —1) to (0, 1).
(b} The curve tends to a square consisting of line
segments parallel to the x and y axes, with
verticesat (1,1),(—1,1),(—1,—1)and (1, —1).
5 (iii) y

L 19ydeyn
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(iv) Same curve, but the path is traced out in the
opposite direction and requires the smaller circle
to travel around the larger circle three times.

6 (i) (a) Symmetry in both axes: y < —y leaves the

equation unchanged, as does x < —x.
(Both substitutions together prove
rotational symmetry of order 2.)

(b} Symmetry in the x axis: y <> —y leaves the
equation unchanged.

(e) Symmetry in line y = x: y < x leaves the
equation unchanged.

(i) Symmetry in line y = x.

7 (i M is a clockwise rotation through % radians

about the origin.
(i) The curve has rotational symmetry of order 4
about the origin.
8 (i) A circle centre (0, 0), radius 1
(i) Circles centre the origin
Gii) ¥ = x> + y2 = (K + 1). A circle, centre (0, 0),
radius V2 + 1
(iv) The smallest possible radius occurs when
k=0, r = 1; this is the circle C.
9 (i) Symmetrical about the x axis since
(x(m = 1), y(m — 1)) = (x(2), —y(1)).
Symmetrical about the y axis since

(x(t + ), y(t + 7)) = (—x(8), y(2)).

T 3n
G (1,0):t=— (-1,0):t=—
i) (1,0) 5 ( ) 5

2n 4r 51
\/§,0:t:£,— 3,0t =—,—=
( ) 33 ( ) P
10 Gi) &>=x"+y" =5+4sin(k+1)T
$(dz)max:9) (dz)min: L.

(i) y

iv) T=

i) m—1and —(m+1)
MG a=b=2

(i) (E s 0)
2

w (30)(528) (-2

(iv) dpoxy =a+1, dpn=a-—1
L4y =@+ andP+y =(a—1)>°
(v) (a) Increasing a causes the curve to move
further from the origin.
(b} Increasing b increases the order of
rotational symmetry of the curve.

Investigation (Page 171)

As n — oo the curve resembles a square.

© (Page 172)

() (a) Maximum or minimum distance of curve from
pole
(b) Points where the tangent is perpendicular to
the initial line
(¢) Points where the tangent is parallel to the
initial line
(i) (a) Points where the tangent is parallel to the y axis
{b) Points where the tangent is parallel to the x axis

© (Page 173)
Maximum 3 + /2, minimum 3 — v/2

© (Page 174)
In general, d is easier to find than ﬂ
dT dx

Activity 7.4 (Page 174)

A GnT(2sin’ T—11) = 0
dT

L £33
6

= T=0,msn" = (6,0), (—6,0)and

the four points (+0.385, £2.553)

Activity 7.5 (Page 177)

The containing rectangle has area 2ma x 2a = 4na’,

2ra 2n dx 21
J ydsz a(l—cosT)Edej & (1 — cos TAAT

0 0 0
2n
:(fj (1—2cosT—|—%(c032T—|—1)>dT

0
2n

=da FT —2sinT +lsin ZT} =3n4’ = z(471:a2).
2 4 4

0

Activity 7.6 (Page 177)
c=1.14(292...)



Exercise 7C (Page 178)

(@ 0<k<l

b)l<k<2

€ k=2

i) x= (k4 cosf)cosb,y=(k+ cos)sinf
(i) They correspond to the four vertical tangents.

1M

(iv) % = —sin8(k + 2 cos ) = 0 has four

different roots for 0 < k < 2, but only two
roots (0 and =) for k > 2.

2 ®m T= :ﬂ:i T:n-ﬂ: 3

" dx 2
i) (@) T =" (1, ﬁ)
4 2
r
6

3 (i) % = nsin O cosO(sin" > 6 — cos" > 6)

(iii)%zO@sinGzO or cos8=0 or
(forn>3)tan0=1<:)0=%z(kel).
iv) r=2'"%
4 y

1

—14

Wy =16x(1 — x)(1 — 2x*)°
(i) Substituting —x for x and substituting —y for y
shows symmetry in both axes.

i) + =10, m: (0, 0) tzﬁ, 3—n: (ﬁ 0)

4 4 2
i (L)
4 4 2
(iv)ﬂ:o = cos4t =0
dr
= Y =sint4r=(1-cos’4t) =1
= y=4=l

6 (i) gand—é
5 5

@) (1.89, 1.76)

- | .
N o
=
B
. 2
’ g
. N
i) y==x
i) (=1, £/3)
v V2
8 (i) Polar coordinates: P(2a(1 + cos6), 6)

Q(2a(l +cos{n+6)), +6)
PQ = |2a(1 + cos 8)| + |2a(l + cos (m + )| =
2a(l + cos0) + 2a(1l — cos ) = 4a

(i) % = —2a(sin 8 + sin 26)

) 30
(iv) —cot— X —co

9 (i)

% = 2a(cos § + cos 20)

From the graph y = — cot? it can be seen
that — cot? = ¢ has three roots in the range

0 < 0 < 27 for any value of c.

—_ N W R
T——
M

N\
N
2l
8
o
g
N
[
8
-

NV /
[
[

t3(7z-i—6)

30 (3n 30)
=cot— X cot| —+—
2 2

Both t = —1

i) —10 < r < —1 moves away from origin in

fourth quadrant; —1 < ¢ < 0 moves towards
origin in second quadrant; t > 0 loop in
anticlockwise direction.

dy  (@t—1

= — —last— —1.
dx (1-21%)

237
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(iv) \ hJ

\\ *
10 (i) (1,0)

(iii) 6 =1.16556..., rsinf = 0.72461...
liv) 6 =2.2467...,rcosf = —0.2172...
12 (i) 1.2

~ 1.2071

i) ¢ = Lz\/z

Activity 7.7 (Page 184)

T T N4 1 1]
NI AT
WWASNSNT 7777

.
4
y
g

nNEEFSUVARDY.
VA TSN LT |
AT/ T[]

Activity 7.9 (Page 186)

e =1 gives a parabola, 0 < e < 1 an ellipse, e > 1 a
hyperbola. [ affects the general dimensions of the conic
but not the type of conic.

@ (Page 188)
V7

P=d(1l-¢) = 9=16(1-¢) = e= =

Focus (ae, 0) = (\/7, 0)
16

V7

. . a
Directrix x = — =
e

Activity 7.10 (Page 188)

As SS’ decreases, the ellipse becomes more circular.

@ (Page 189)
See working for ellipse on pages 187-188.

© (Page 190)

Substituting a = b in 21— &)= 1
= 1-— e2 =—1 = 62 =2,

© (Page 191)

Hyperbola: 0 < ¢t < 2.
Rectangular hyperbola: ¢ # 0

© (Page 191)

x = acosh t, y = bsinh ¢ gives only the x > 0 branch
of the hyperbola.

Exercise 7D (Page 195)

1 () (£50), (0, £v7); A(=3, 4), B(3, 4), C(3, —4),
D(-3, —4)
i) y—x>=7
i) |x| = 3: ¥ + ax® = 16 + 9a (ellipse)
|x| < 3: y* — ax® = 16 — 9a (hyperbola)

2
{iv) <ﬂ> (ﬂ) = <_a£> (af) -2
dx/ i \dx/ pyp Y Y ¥

— P2 _ —4
=—a&=—-1whena=3

v a=2

2 () x—py+ap’=0
3 (i) f(a) 2x—(t1+t2)y—|—2at1t2 =0

() (g(tf +£), alf, + tz)>

fii) @ x—Ty+al’=0
e x—y+a=0,x+y+a=0
x> y?
6 (iv) — 4+ — < 1, (X, 7) inside the ellipse
a b
wv X+ =440

7 W (B — a2 — 28 mex — (B + cz) =0,

2atme

2 _ 2.2
" bz azmz 2 2 22 2a’me
i) (b"—am)x"—2amx—a'cc=0,————
B — a2t

10 (3,2), (-3, -2)
12 x—ty+c(1—-1t)=0
18 x=1hy=1k
14 () A circle centre (0, 0), radius 1
(i} Ellipses, with the major axis ¥ = x and the
minor axis y = —x for k > 0 but # 1. For
k < 0 but # —1, the major axis is y = —x and
the minor axis y = x.
(iii) Rotation, centre the origin through —45°.



(iv) E has parametric equations

v)

15 )

(i)

k+1, .
x= sin T + cos T),

7 ( )

k—1, . .
y= 7 (sin T — cos T) and so the cartesian

2 2

X Y
_|_
(k+17 (k1)
This is the standard equation of an ellipse with

equation of E is

the x axis for the major axis and the y axis for
the minor axis for k > 0 but # 1, and vice
versa for k < 0 but # —1. The lengths of the
semi-axes are (k+ 1) and (k — 1). Thisisa
rotation of K through —45° so K is an ellipse
with axes y = x and y = —x.
Values of 1, —1 produce segments of the lines
y = x and ¥y = —x respectively. In these cases
the parametric equations for x and y for the
members of the family are
k=1
x=sinT+cosT,y=cosT+sinT
:yzxfor—\/zéxé\/z
k=-1:
x=sinT —cosT,y=—sinT +cosT
:yz—xfor\/zéxé\/z.
The value of k = 0 gives the circle C rather
than an ellipse.
In this case the parametric equations for x and
y for the member of the family are x = sin T,
y=cosT=x+y =1

A

T is the angle between the x axis and the radius
0Q, where Q(acos T, asin T) is on the circle.

(i) detM = k; area of ellipse = k X wa® = nab
a

16 (ii)

a
E—y=1

{ifi) xy = 1
2

Investigation (Page 200)

They do always touch. (See also Question 16 of
Exercise 7D.)

Exercise 7E (Page 201)
1 G3) ngcosT—i—ﬂ 4
2 2 2

i) x=4cosT+3sinT, y=4sinT+3cosT

b4

sin T, y:;sinT—i— cos T

with range 0 < T < g

L 19ydeyn

y

. )

2
0 2 4 6 8 x
i) T =25 |OM| =7

43
(iv) Now therangeis 0 < T < 2.
(v} Appears to be an ellipse.

)

5]

)4

8
—5-

4y — 3x

i) sin T = ———,
7

4x — 3y

cosT = 7
= 49 = (4y — 3x)* + (4x — 3y)°
= 49 = 25y + 25x° — 48xy.

(vii) The substitution is equivalent to a rotation of

T L
the curve through 1 about the origin in a

clockwise direction. The line y = x becomes the

x axis and the line y = —x becomes the y axis.

The inclusion of v/2 ensures that there is no

enlargement. Hence the locus of M is an ellipse.
2 (i) /AOD=¢, /COD=20

AtD:yzz—Gzl—E
n

b
x
cotf =tant ==
y
2t
x=ytant=|1——)tant
= i3

x = ycotf =ﬁc0t0
n

(a) D(<1—£> tan t, 1—£>
i T

{b) D (2—0 cot 6, ﬁ)

T 7'[

) snf=—) = r—op=-—2_—_20
oD

sinf  wsinf
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(iif) y

0 1

iv) y=0,x~ 0637

v) D(ﬁcot 0, ﬁ) = F(ﬁ cot 8, §—0>
m

7'[ T T

2 2
=G (—OC cota, _ot) where
7 7

200 28 0
===y

T 37
Therefore /GOC = § /DOC.
s =2
1+
(i) y
W X
4 (i) (£2,0)
i) (@ 1> -3

b) —7< A< -3

N
A

\I
_/2
_2_
A=—2
v
\ 2 /
_2' 0 K X
_2_
A=—4

(i) 1=3, —

[ %3

5 (i) Circle r =2 cos6; tangent r = 2sech
(iv) Cusp at O, symmetry about OCA, AR is an
asymptote.

v) (a)

N
T

By the circle theorems it follows that C has the
equation r = 2 cos 6.

(i) (a)

k=1
(b)

)

\_/

The former contains a loop, the latter a dimple.
(iv) (a) The loop of the limagon is just inside the
circle and the remainder just outside the
circle.
(b} The limagon approximates a circle, centre
the point with polar co-ordinates (2, 0).



v) (a) By definition Q is the mid-point of PP’ and
s0 is the centre of the circle C' which has
radius k = 2. If QQ’ is a diameter of C,
then Q' is the only point on C which is a
distance 2 from Q.
Putting these together shows that C and C’
touch at Q'.
(b) Call the centre of C, M.
By circle theorems
[/OMQ' =2 x /0QQ’ = 26.
=ArcOQonC=20=Arc P’Q on C.
7 (ii) A continuous closed curve; six cusps;
maximum distance 6, minimum distance 4.
(i) Curve has (k + 1) cusps. Bounded by circles of
radii (k+ 1), (k—1).
(v) Radius (k+1)

8
' x y =1+ cos? 2x
0 V2
L2 V5
6 2
z 1
4
L2 V5
3 2
z V2
2
3_n 1
4
n V2
n )
4
n V2
7_n 1
4
2n V2
i v
V2
1
o] x 7 3n 2w A
2 2

(i) (iv)

(v) concave for 0 < a < 1.6; circle for a = 2;
concave (with dimples) for a > 2.5.

9

10

1

12

13

(i)

(i)

(i)

(i)

(v)

(vi)

0}
(i)
(iv)

(v)

(vi)

& =7+ (av2) — 2rav/2cos® =

r = a(v/2 cos 0 £ /cos 20).

r = 2av/cos 20
(2]
E
H
-]
[-3
g
N

Perpendicular bisector of ST

DS = g and DT = %, as required.

r= i, —d

3

P at D as above or at D', where SD’ = d and

D' =2d

Symmetrical in the perpendicular bisector of

ST
If k > 1, there are values of 8 such that the
expression (1 — K? sin’ 6) < 0, and so

V1 — kZsin® 8 is not real.
Ellipse

Zri =12sinTcos T
dT

(1, 1), (=1, =1); (=2, 2), (2, -2)

The axes are perpendicular. The major axis is
y = —x and the minor axis is y = x.

45° anticlockwise

2 2
(vii) (2\/§sin T, V2 cos T); % + y? = 1; this is the

0}

(i)

(iii)

(iv)

(i)

(i)

standard form of the equation of an ellipse; S is
an ellipse; a curve and its image are congruent
under rotation.

—£$0<£(0r0$9<£and
2 2 2

3z <0< 2m)

2

That P’ lies on curve follows from
2acos (B +n) + k= —(2acost — k).

a
—/

0= %, 5?”: points with horizontal tangents;

0 = m is at the cusp.

(2 + )yt = @

Calculator plots 0 < € < 2n, whereas the
sketch is similar to 0 < 6 < 7. Using lines
y = %a by hand would give the full curve.

k=2a
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14 (i)

15

(iii)

(iv)
v)
(0]
(i)

(iii)

(iv)

v)

(vi)

(2acos Tsin T, 2acos’ T)

N

y(x* 4 4a*) = 84’
The points of inflection

b+aandb—a

(asech, )

“Tco<Zorogco<Zand
2 2 2

Sl <0< 2m)

2

That P’ lies on curve follows from
bsec(B+n)+a= —(bsecH — a).
a="b

arcos = r(rcosB — b)

= (ax)* = (' + ) (x — b)%.
y=0=x=0,bta= b=a cusp
b < aloop b> a:dimple.

0:%:(x,y)=(—b, b)

16 (iii) ¥y
2_

T

r=2Z

3 % ' :

T=7ﬂor—'7—21 1 2
_2_
L,
33 a.

iv) 0 < x <24 < H
Il Y

T= % (independent of k!)
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adjoint 93
adjugate 93
alien cofactor 88, 92
Apollonius of Perga 184
arccosine 7
Archimedes, spiral of 26
arcsine 6
arctangent 8
area of sector 27
area scale factor 84
Argand diagram 32
division in 38
locus of points in 36
multiplication in 37
argument 33
argz 33
associative 84
astroid 30, 165, 183, 214
asymptote 158

Bernoulli, John
Bernoulli’s lemniscate
Bolt, Brian 66

123, 127
29, 206

cardioid 27, 181, 214
cartesian equation 139
catenary 123, 127
Cauchy, Augustin Louis
Cayley, Arthur 86, 117
Cayley—Hamilton theorem 115
centroid 65
characteristic equation 107, 114
characteristic polynomial 107
circle 23,61, 186, 213
cissoid of Diocles 146, 204, 214
complementary function 103
complex numbers

as exponent 46

as roots 51, 54, 56

converting between forms 34

dividing 38

geometrical uses 60

modulus—argument form 34

multiplying 37

polar form 32
complex roots of unity 51
compound angle formulae 4
conchoid of Nicomedes 210, 214
conic 184, 190, 212
conic sections 186
converting between forms

144

86, 117

34, 142,

co-ordinates
cartesian 20
polar 20
principal polar 21

cos'x 7

Cotes, Roger 45

crossover points 149, 155

cubic approximation 70

curves
Archimedes’ spiral 26
astroid 30, 165, 183, 214
cardioid 27, 181, 214
catenary 123, 127
circle 23,61, 186, 213
cissoid of Diocles 146, 204, 214
conchoid of Nicomedes 210, 214
conic 184
cycloid 176, 213
deltoid 215
eight curve 148, 215
electric motor 167
ellipse 184, 187, 213
epicycloid 152, 213
epitrochoid 155
equiangular spiral 20, 29
family of 160
folium of Descartes

182, 215

glossary of 213
harmonograph 180
hyperbola 26, 184, 188, 213
hypocycloid 205, 214
Kappa curve 209, 215
lemniscate 200, 203, 215
lemniscate of Bernoulli 29, 206
limagcon 25, 142, 150, 204, 214
limagon of Pascal 208
Lissajous curves 179, 214
Maltese cross 148, 168, 215
nephroid 214
parabola 184, 187, 213
piriform 211, 215

146, 167,

rectangular hyperbola 135, 189,
213

rhodonea 27

right strophoid 146, 214

sinusoidal spiral 200

spiral 215

superellipse 171
trefoil 167
trident 215
trisectrix 202

5
2
trisectrix of Maclaurin 147, 214 %
witch of Agnesi 146, 209, 215
cusp 151
cyclic interchange 88
cycloid 176, 213

curtate 213
prolate 213

deltoid 215
de Moivre, Abraham 41
de Moivre’s theorem 40, 42, 46
De Morgan, Augustus 1
determinant
expansion by alien cofactors 88,
92
of 2 X 2 matrix 84
of 3 X 3 matrix 85
of product 88
properties of 87, 92, 96
diagonal form of matrix 113
differential equation 45, 103, 112
differentiation
chain rule 1
of inverse trigonometric
functions 6
of trigonometric functions 2
product rule 1
quotient rule 1
dimensions 13
dimple 151
director circle 197
directrix 185
division in Argand diagram 38
domain of
hyperbolic functions and inverses
130, 131, 231, 232
inverse trigonometric functions
7, 8,9, 19,217

eccentricity 185
economics 121
eigenvalue 106
eigenvector 106

eight curve 148, 215
electric motor 167
ellipse 184, 187, 213
elliptic trammel 197
epicycloid 152, 213
equal aspect 149
equiangular spiral 20, 29
Euler, Leonhard 45
Euler’s formula for # 80 243



Index

even function 124, 128, 148, 231,

234
expanding determinant by a
column 85
exponential function 46, 69

factor theorem 89
family of curves 160
focal chord 191
focus 185

folium of Descartes 146, 167, 182,

215

four-bar linkage 66
Frobenius, Georg 117
function

arccosine 7

arcosh 130

arcsine 6

arctangent 8

arsinh 131

artanh 131

circular 123

cosech 128

cosh 124

coth 128

even 124, 128, 148, 231, 234

exponential 46, 69

hyperbolic 123, 128

inverse hyperbolic 130

inverse trigonometric 6, 19

odd 124, 128, 148, 231, 234

periodic 46, 148, 234

sech 128
sinh 124
tanh 128

Galilei, Galileo 184
Galois, Evariste 109
Gauss, Carl Friedrich 51
general solution 10
Girard, Albert 51
graph of
hyperbolic functions 124, 128
inverse hyperbolic functions
130, 131
inverse trigonometric functions
7,8,9
Gregory, James 79
Gregory’s series 80

Hadamard, Jacques 32
Hamilton, William Rowan 117
hanging cable 126

Hardy, Thomas 138
harmonograph 180

Hein, Piet 172

hyperbola 26, 184, 188, 213

hyperbolic function 123, 128
hypocycloid 205, 214

inconsistent equations 98
integration

by inspection 1

by parts 1

by substitution 1

of trigonometric functions 2, 4

using arcsine 11, 19

using arctangent 13, 19

using identities 3

using inverse hyperbolic

functions 133
when numerator is derivative of
denominator 1

invariant points and lines 104
inverse

left-inverse 93

of a matrix 84

right-inverse 94

trigonometric functions 6, 19
isometric transformations 98

Kappa curve 209, 215
Kepler, Johannes 184

left-handed set 89

Leibniz, Gottfried Wilhelm 80
Leibniz’s series 80

lemniscate 200, 203, 215
lemniscate of Bernoulli 29, 206
limagon 25, 142, 150, 204, 214
limagon of Pascal 208

linear approximation 70
Lissajous curves 179, 214
locus 138

locus in Argand diagram 36
loop 151

Machin’s formula 80

Maclaurin
approximation 71
expansion 71
series 74, 83, 137

Maclaurin, Colin 79

Maclaurin series 74, 83, 137
14+x)" 75,83
arctan x 77, 83
artanh x 135, 137
cosh x 129, 137
cosx 75,83
" 74,83
In(l+x) 76,83
sinhx 129,137
sinx 75, 83

mains electricity 4

Maltese cross 148, 168, 215
Markov process 112
matrix
and simultaneous equations 98
determinant of 84
identity 84
inverse of 84, 93
multiplication is associative 84
non-negative 121
non-singular 84
orthogonal 98
reduce to diagonal form 113,
120
similar 120
singular 94
skew-symmetric 111
stochastic 112
trace of 110, 120
transition 112
transpose of 94
zero 99, 101
maximum 173
mean value 4
median 65
Mercator, Nicolaus 76
minimum 173
minor 85
modulus—argument form of
complex number 34

multiplication in Argand diagram 37

Napoleon’s theorem 66
nephroid 214

Newton, Isaac 45, 80
NewtonRaphson method 79, 183
node 149, 155

non-negative matrix 121
non-singular matrix 84

odd function 124, 128, 148, 231,
234

orthogonal matrix 98

Osborn’s rule 125

parabola 184, 187, 213
parallel curves 151
parameter 25
parametric equation 140
particular integral 103
pencil of planes 100
periodic function 46, 148, 234
piriform 211, 215
Plato, Academy of 20
polar
co-ordinates 20
equation 23, 141
form of complex number 32



to rectangular co-ordinates 21,
34, 144

pole 20
polynomial approximation 69
power of a square matrix 113
principal

argument 33

polar co-ordinates 21
projectile trajectory 81

quadratic approximation 70
quantum mechanics 121

radial direction 48
range of
hyperbolic functions and
inverses 130, 131, 231, 232
inverse trigonometric functions
7,8,9,19, 217
rectangular
hyperbola 135, 189, 213
to polar co-ordinates 21, 34, 143
recurrence relation 116
reduce to diagonal form 113, 120
Rényi, Alfréd 69
rhodonea 27
right-handed set 89

right strophoid 146, 214

Roberts, Richard 66

Roberts’ theorem 66

root mean square 4

row properties of determinant 96
rule of Sarrus 86

Sarrus, P.F. 86
sector, area of 27
Shanks, William 80
sheaf of planes 100
shear 90

similar

directly 61
matrices 120
opposite 62
sinT' x 6

singular matrix 94
sinusoidal spiral 200
skew-symmetric matrix 111
spiral 215
Archimedes’ 26
dilation 38
equiangular 20, 29
sinusoidal 200
square grid 149
stochastic matrix 112

summation using complex numbers
49

sum to infinity 74

superellipse 171

xopuj

tan"'x 8
Taylor
approximation 79
polynomial 79
Taylor, Brook 79
trace of a matrix 110, 120
trajectory of a projectile 81
transformation by a matrix 199
transition matrix 112
transpose of a matrix 94
transverse direction 48
trefoil 167
trident 215
trisectrix 202
trisectrix of Maclaurin 147, 214

volume scale factor 88

Whitehead, Alfred North 84
witch of Agnesi 146, 209, 215
Wronski, Hoéné 59
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